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ABSTRACT

Several gear dynamics models are available in literature, each with its unique application. In this paper a comparison

between two models will be discussed. While the source of excitation in both models will come from the time varying mesh

stiffness caused by the static transmission error the first model aims to estimate the dynamic overloads due to the meshing

with a simple one-dimensional approach, neglecting other flexibilities. The second one instead includes the flexibilities of

the shafts as well as bearings and the gearbox housing, with the possibility of being extended to multistage transmissions.

Both models are quick and can give useful insight in the design process of a geared transmission. A simple test case will be

detailed highlighting the different capabilities of the models and providing several key results such as dynamic forces and

displacements which can help designers to define better components.

INTRODUCTION

As reported in Bruzzone and Rosso (2020), many dynamic models have been proposed in the history of the field.

The earlier dynamic model was the one from Tuplin who firstly defined the natural frequency of the engagement.A great

number of studies were conducted since that work and the extensive review by Ozguven and Houser (1988) gave rise to the

model described in Ozguven and Houser D. (1988) and visible in Figure 1. This model is similar to the one in Umezawa

et al. (1986) but makes a distinction between Static Transmission Error and Dynamic Transmission Error. On the same

philosophy,Kahraman and Singh (1990, 1991) introduced non linear behavior of the mesh stiffness and its harmonic nature.

As a matter of fact, the STE is modeled as a sinusoidal quantity that varies with its own frequency and the fluctuation of the

torque is characterized by a fundamental frequency different from the one of the STE, and those fluctuations make up the

excitation sources. In addition they took into account the compliance of the shafts and the clearances in the bearings. The

equation of motion for this model can be written as

mẍ+ cẋ+ kmx =
T1

db,1
+ e(t) (1)

where the equivalent mass is m = meq = I1I2/(I1r2
1 + I2r2

2) obtained from the inertias I1 and I2 of the pinion and gear

respectively and their base radii r1 and r2, km is the mesh stiffness, T1 is the static torque, c is proportional damping,

Figure 1 Ozguven and Houser dynamic model as detailed in Ozguven and Houser D. (1988).
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Figure 2 Coupled FE/Contact mechanics model from Parker et al. (2000).

Figure 3 Force Deflection Function fromDai et al. (2018).

x = r2θ1+r1θ2 is the DT E and e(t) is the excitation source described above. Instead, in Parker et al. (2000) a similar model
is proposed but in this case the external excitation source is not present and the excitation comes from the fluctuation of

one of the parameters, namely the Time Varying Mesh Stiffness (TV MS), where mesh stiffness km(t) is computed from the

ST E at different torque levels. Thus, the parametrically excited system equation of motion can hence be written as

mẍ+ cẋ+ km(t)x =
T1

db,1
(2)

Moving from this 1Dmodels, other researchers tried to obtain more accurate results using more complex models, principally

involving the Finite Element Technique. Parker and Vijayakar Parker et al. (2000) (Fig. 2) removed the need to provide

the mesh stiffness as an external input by coupling a FE model with a detailed analytical contact model. The same method

was later extended to the frequency domain in Cooley et al. (2009). Improvements to reduce the computational effort were

introduced in Eritnel and Parker (2012b) and Eritnel and Parker (2012a) still considering several sources of non-linearities

and the influence of flexibilities and also the effects of tooth profile modifications Eritnel and Parker (2013). This model

was the base upon which the Hybrid Analytical-Computational model was developed in Dai et al. (2018). The authors

precompute a Force Deflection Function (Fig. 3) for various loads and apply that to a lumped parameters model obtaining

extremely accurate results at a fraction of the computational time required by more complex analyses. Cooley and Parker

also introduced an approach to the simulation of flexible gears by modeling a rotating elastic ring coupled to constant space-

fixed foundations (Cooley and Parker (2014), Cooley and Parker (2015)) and a study on the parametric instabilities was

later conducted introducing fluctuating values of the mesh stiffness Liu et al. (2017). The analytical nature of their model

allows them to derive closed-form solutions for the eigenvalues including rotor dynamics effects and study in detail veering

and instability phenomena. In the present paper, the authors propose a comparison between two models for studying the

gear dynamics: the first one is a 1D model based on TVMS methodology, the second is a 3D evolution of the previous one.

That comparison is useful for understanding pro and cons of both techniques.
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Figure 4 Simulink implementation of the numerical integration of motion equation

MATERIALS AND METHODS

In this section, the two compared models are briefly described.

1D model

Based on the literature, the authors developed a modified 1D model, detailed in Rosso et al. (2020), where the TV MS
approach is extended in order to take into account also the loss of contact and the back side contact. In order to create the

time integration model, the non linear motion equation is written. The starting point is obtained rearranging the motion

equation as

¨p(t) =
T (t)

rb ·meq
− K(t)

meq
p(t)− c

meq

˙p(t) (3)

where T (t) is the torque, that can change in time, K(t) is the stiffness value derived by means of the gear mating model
and c is the damping, set at a constant value as in literature.

In Figure 4, the implementation of equation 3 is depicted. In the big sum symbol, five addends are implemented. One

is related to the damping contribution (lower arrow), one to the inertia contribution (the arrow with plus sign) and the other

three arrows related to the stiffness contribution. In the non linear logic of Table 1 the three contributions are summarized.

In such a way three outputs are always generated, but the check multiplies for 0 or 1 the output depending on the contact

condition. In the big sum of Figure 4 the three inputs are always present, but only one of them is different from zero, the

one that corresponds to the proper contact condition. In other words, the stiffness values are always computed, but on the

basis of the contact condition, the stiffness value is multiplied by one if the contact condition is satisfied or zero in other

conditions.

Table 1 Displacement check for non linear modelling.

Condition Contact

p > b Proper contact, stiffness evaluated by means of the lookup table

−b ≤ p ≤ b Absence of contact

p <−b Backside contact, stiffness evaluated by means of the lookup table

3D model

The proposed model is implemented in the software GeDy TrAss and it is a strategy that allows that software to be

able to compute the Static Transmission Error of completely flexible gearboxes. As a matter of fact, the dynamic model of a

transmission is characterized by several elements. The more important elements to be described are the shafts on which the

gears are mounted. In the proposed approach those elements will be modelled as a Timoshenko beam Cowper (1966) with

6 Degrees Of Freedom (x,y,z,θx,θy,θz). Mass Msand stiffness Ks matrices are built depending on the geometry and the

discretization of the system. At least a beam element is connected to one gear and, then, gear element will be defined as a

connection to the other shafts by means of a kinematic link. Pinion gear, in the gear pair, is represented by means of a node
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Figure 5 Scheme for links between shafts that depicts the gear set

O1 located on the shaft and it is defined as a node of the beam elements that are used to depict the shaft. According to gear

theory Litvin (1994) notable points can be highlighted: T1, defined as the tangent point between the Line Of Action (LOA)

and the base circle of the gear, andC, called the pitch point. At the pointC, a virtual node is generated while two coincident
virtual nodes (T1,1 and T1,2) are added at point T1. Nodes T1,1, O1 are connected by means of a Rigid Body Element (RBE) in

a master-slave relationship. As shown in Figure 5, a rigid link is also created between the repeated node T1,2 and theC node,

in order to guarantee connection and motion along the line of action. The same approach describes the gear, and finally in

C a spring that connects the two rigid elements of the two mating gears is introduced. The stiffness value of such spring is

defined according to the pitch position along the line of action and the actual applied torque, following to the process used

in 1D model. To compute the instantaneous stiffness value kn,z depending on the nth gear pair and zth position along the

pitch, eq. 4 is used for each time instant.

kn,z =
T (t)

S.T.E.rb
(4)

where rb is the base radius of the pinion.

Once the assembly process is closed, an iterative integration scheme is performed. A Newmark Newmark (1959)

scheme with constant acceleration is adopted. In such integration scheme, by regrouping the terms of motion equation, the

following expression is evaluated for the ith time step

üi = Siδri (5)

where

Si = Mz +∆tiCz +∆t2
i αNM

(
Kz +Kc,i

)
(6)

and Mz,Cz and Kz, are the mass, damping and stiffness matricies of the structures, whereasKc,i is the connection stiffness
matrix. αNM is fixed equal to 1/4 and ∆ti is the time step.

The residual vector is then evaluated as:

δri = f+(−Kz +Kc,i)iui−1 − (Cz +∆tiKz +Kc,i)iu̇i−1 +Aiüi−1 (7)

where

Ai =−Cz(1−δNM)∆ti −
(
Kz +Kc,i

)(1
2
−αNM

)
∆t2

i (8)

and δNM is set equal to 1/2.

As the Newmark scheme requires, ui−1, u̇i−1, üi−1 are respectively the displacements, velocities, and accelerations

vectors at the previous time step. The vector f, that depicts the external forces, will be assumed constant in the single time
instant and the unique value different from zero will be the torque T applied to the θz DOF of the input shaft. This procedure
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Figure 6 Gear system modelled

allows to take into account the variation of the engagement stiffness and the torque during the mesh cycle, but obviously

in the single time instant they remain constant. In such a way, the complete integration scheme can follow the non linear

behaviour of the mating gears.

Modelled system

The system used for the comparison is characterized by two shafts simply supported with the gears placed not in the

center of the span (see Figure 6). The two mating gears have the features shown in table 2. The two shafts are solid with a

diameter of 20 mm and they have both 40 mm of distance between the gear and the nearest bearing (in green in the figure).

The shaft’s inertial properties for the calculation of the equivalent mass meq are obtained from the 3D model matrices and

for the present case I1 = I2.

Table 2 Mating gear main parameters.

Quantity Units

Pinion number of teeth 28

Gear number of teeth 53

Module 3.175 mm
Pressure angle 20 ◦

Helix angle 20 ◦

Face width 26 mm
Reference Rack ISO 53/A

Shaft Young’s modulus E 2 ·105 MPa
Shaft density 7850 kg ·m3

Shaft inertia 0.0115
kg
m2

RESULTS

The results of the two proposed models are now compared. A speed sweep up from 1000 to 15000RPM has been

simulated in 10 seconds with constant acceleration. For the first comparison the STE which will be used to compute the

instantaneous stiffness according to eq. 4 has been obtained considering the shafts rigid in the quasi-static analysis and

corresponds to the black line visible in Figure 7. The main result of the 1D model is the dynamic mesh force which is

visible for both approaches in Figure 8. In this comparison many superharmonics of the mesh frequency are evident in

the 1D results, while the 3D results show similar amplitude oscillations, but with less correlation to the rotational velocity.
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However, for this model the dynamics of the system is better visualized observing the dynamic torque acting on the system

depicted in Figure 9 which shows several resonances linked to the flexible nature of the shafts and the different components

of the system analyzed and correspond to the system modes. The obtained dynamic displacements can be further post-

processed using signal analysis to obtain a pseudo-experimental waterfall diagram, visible in Figure 10 where the torsional

dynamic response of the input shaft has been post-processed. The mesh frequency excitation harmonic lines are clearly

visibleand several resonances can be appreciated when the excitation harmonic crosses one of the system modes.

Figure 7 Source of excitation for the models.

Figure 8 Dynamic mesh force comparison, 1D model in blue, 3D model in black.

The instantaneous stiffness due to the engagement of the teeth can also be obtained considering the flexibility of the

shafts and the result corresponds to the red line in Figure 7. If this trend of the static transmission error is considered as

source of excitation the two models give quite different results, as visible in Figure 11. The amplitude of oscillation of the

3Dmodel increases, but the lack of other flexibilities has instead a huge impact on the results of the 1Dmodel. The dynamic
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Figure 9 Dynamic torque obtained from the 3D model.

Figure 10 Spectrogram of the tangential dynamic displacements.

force increases almost four times with respect to the mean value which is unexpected and shows the limits of this kind of

modeling strategy. Also the resulting dynamic torque resulting from the 3D model visible in Figure 12 increases, but in a

realistic way. The dynamic overload is also higher in this case due to the higher amplitude of oscillation of the instantaneous

7



stiffness, but the increase is limited to 12Nm, while in the previous case it was limited to less than 5Nm showing a significant

increase, but in a reasonable range. Also the amplitude of torsional oscillation increases as visible in Figure 13. Clearly the

excitation lines are unchanged but the resonances are sharper and with higher amplitudes showing the increased excitation

levels due to the inclusion of the misalignment in the calculation of the source of excitation.

Figure 11 Dynamic mesh force comparison, 1D model in blue, 3D model in black including misalignment

Figure 12 Dynamic torque obtained from the 3D model with misalignment.

CONCLUSIONS

In this paper two different approaches to simulate the dynamic response of a geared transmission were shown and

discussed. The first model is a simplified 1D model which can be useful in certain applications, but has limitations in terms

of accuracy and also richness of results when compared to the 3D counterpart here described . The same models were

analyzed considering two different excitation sources, the first one obtained considering the shafts rigid in the quasi static

8



Figure 13 Spectrogram of the tangential dynamic displacements with misalignment.

analysis, while in the second one the shafts were also included as a source of flexibility in the system, thus introducing

the effect of misalignment under deformation. When this misalignment is ignored the two models return similar results in

terms of frequency of resonance as well as amplitude of variation of the exchanged mesh force between the gears. However

if misalignment is considered the 1D model experiences very high variations of the mesh force which are not expected in

the reality even when the source of excitation is increased as in this case. The 3D model indeed sees an increase in the

oscillation of the force, but in a limited and believable amount. The main reason for this difference is that the 1D model

is only comprised of one stiffness, the one due to the engagement of the teeth, while the 3D one includes the influence of

the shafts and eventually also of the casing of the gearbox. This increase in flexibility of the system reduces the dynamic

overloads elastically filtering the higher peaks of the dynamic forces, which is a phenomenon that cannot be modeled in the

1D case.
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