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ABSTRACT 

Radial turbine wheels of exhaust gas turbochargers are permanently exposed to centrifugal, thermal, and aerodynamic 
loading. However, since these wheels are commonly designed as integral structures featuring relatively little mechanical 
damping, they are prone to the impact of unavoidable structural random mistuning, which may evoke severe magnifications 
of the forced response. Nonetheless, the safe operation of turbochargers has to be ensured at any time so that the 
contribution of aerodynamic damping is of particular importance. Moreover, the application of intentional mistuning is 
known to be a suitable measure to limit or even reduce the forced response by means of increasing the resulting 
aerodynamic damping. 

In this paper, two turbine wheels of the same type are considered, one manufactured with and another one without 
intentional mistuning. Experimental determinations of the mistuning patterns actually reveal deviations from the design 
intentions, which are considered in updated numerical models. Forced response simulations demonstrate that the targeted 
response reduction affected by intentional mistuning is achieved anyhow. Furthermore, the general robustness of the 
solution is proved with respect to the maximum forced response by means of comprehensive probabilistic numerical 
analyses addressing the impact of additional random structural mistuning, the magnitude of intentional mistuning, and 
aerodynamic mistuning. 

INTRODUCTION 
Owing to the demand for reducing weight and increasing efficiency, compressor and turbine wheels are manufactured 

integrally in a wide range of applications. However, the manufacturing as single part leads to reduced mechanical damping 
compared to the separated design of blades and disk, which benefits from the contribution of friction damping. System 
damping is largely restricted to aerodynamic damping, and thus crucial for limiting forced vibration responses during 
machine operation. Bladed wheels are commonly designed as cyclically symmetrical structures with identical blades. 
However, actually the blades of the wheel hardware are featuring small differences among each other, which most often 
result from the manufacturing process and cannot be avoided. This phenomenon is known as mistuning and may increase 
the vibration response up to an unacceptably high level depending on the inherent damping. Consequently, severely 
magnified stress levels or even component failure may occur. 

A lot of scientific work has been contributed addressing this topic over the last decades. The pioneering papers of 
Ewins (1969) and Whitehead (1966) deserve a special mentioning in this regard. The latter one provides a very conservative 
but simple formula to compute the limit of maximum response magnification due to mistuning, which solely depends on 
the number of blades. Less conservative but still simple limits were formulated by Kenyon and Griffin (2003) and Martel 
and Corral (2009) many years later, which are based on the number of harmonics or the number of active modes, 
respectively. Contrary to the papers mentioned before, just like hundreds of further publications, which are dealing with 
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the maximum forced response magnification in consequence of random mistuning, it could be shown that the susceptibility 
of forced response towards random mistuning can be mitigated employing intentional mistuning (IM). The use of IM 
generally describes a slight difference in blade geometry and thus causes a variation in blade frequencies. Publications 
within recent years have shown, that the maximum forced response can be reduced far below that of the tuned reference if 
one succeeds to increase the aerodynamic damping by means of IM. As described by both Petrov (2009) and Schoenenborn 
et al. (2012) favorable conditions are required in this context regarding the exciting engine order and the dependence of 
aerodynamic damping ratios on inter blade phase angles (IBPA). Martel and Sánchez-Álvarez (2018) analyzed the physics 
behind this approach based on their well-established asymptotic mistuning model and derived a theoretical limit regarding 
the achievable forced response reduction by means of IM in dependence on the exciting EO, the dedicated aerodynamic 
damping and the mean value of aerodynamic damping. A practical implementation of IM was demonstrated for a fan 
application by Figaschewsky et al. (2017), which allows for both reducing the flutter susceptibility and the maximum forced 
response. An enormous but nonetheless robust 70% reduction of the maximum forced response was achieved for the 
fundamental bending mode of an axial turbine blisk by implementing an optimized IM pattern through varying fillet radii 
from blade to blade (Beirow et al., 2019). 

The work behind this paper aims at implementing a suitable IM modification that has the potential to drastically reduce 
the forced response of an industrial radial turbine wheel. Although the focus is on the first bending mode the impact on 
higher modes is investigated as well such that reduced order models, namely subset of nominal system modes (SNM) 
models (Yang and Griffin, 2001) are built up to realistically simulate operating conditions and check a various number of 
IM patterns. Aeroelastic coupling is considered by means of aerodynamic influence coefficients, so that unsteady flow 
simulations had to be carried out by using a commercial CFD-code beforehand. Kaneko et al. (2019) as well as many others 
applied the SNM to compare its results with those received from the underlying finite-element-model and demonstrated a 
satisfying accordance. 

Modelling of vibration behavior employing reduced order models are always based on assumptions and a 
simplification of the real system. A lot of input parameters and boundary conditions rely on a correct model definition of 
previous analyses such as finite element (FE) and flow simulations but also on actual mistuning of the investigated wheel. 
Another focus is on investigating the effect of structural and aerodynamic mistuning for a turbine impeller with and without 
implemented IM pattern. Figure 1 presents the workflow for the development of IM considering both structural and 
aerodynamic mistuning. 
 

 
Figure 1: Workflow for Development of Intentional Mistuning for Radial Turbine Wheels 

PRELIMINARY ANALYSES 
In order to build up the reduced order models preliminary analyses and simulations have been carried out. They provide 

necessary input parameters such as modal parameters, mistuning, and aeroelastic influence coefficients (AIC). The modal 
parameters such as natural frequencies and mode shapes have been derived from numerical modal FE analyses considering 
temperature load and centrifugal stiffening according to operating conditions. The AIC have been derived from unsteady 
flow simulations employing a commercial CFD-code. 

Numerical Modal Analyses 
A finite element sector model consisting of 47,209 tetrahedral elements was built up representing the tuned radial 

turbine wheel (Figure 2a). The model allows for calculating natural frequencies and mode shapes depending on engine 
speed considered as a rotational body force as well as on operating temperature. 
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a) b)  c)  

Figure 2: a) FE Sector Model and Full Model Expansion b) Campbell-Diagram showing the two 
Considered Resonance Crossings c) Blade Mode 1 (First Bending) and Blade Mode 5 

 
In view of developing a suitable IM modification, the focus was on the first bending mode to successfully demonstrate 

the favorable solutions for mitigating the forced response. Since mistuning can differently affect the forced response at 
various resonance crossings, another higher mode was considered as well. This mode is critical towards large blade 
displacements during machine operation as previous analyses have shown. Figure 2c shows FE results of the blade modes 
considered. 

A Campbell-diagram (Figure 2b) is computed to illustrate the forced excitation at various rotor speeds and hence, to 
indicate possible resonances during machine operation. EO 24 results from normal machine operation at rated speed using 
the standard inlet guide vane featuring 24 blades. As the IM modification will be validated in the framework of upcoming 
runs on a test rig a special vane ring was developed to cause an EO 10 excitation while the test rig speed is set to 24,000 rpm. 

Aeroelastic Interaction 
Focusing on the blade mode family (BF) 1 as well as BF 5 (Figure 2c) and relevant operating conditions according to 

the Campbell-plot, CFD-computations have been conducted at ITSM Stuttgart employing a commercial CFD-code in order 
to determine the aeroelastic coupling in terms of aeroelastic eigenvalues, which allow for calculating aeroelastic influence 
coefficients (AIC). Single passage computations have been carried out for that purpose by employing results of steady state 
computations to define initial conditions as well as boundary conditions. In detail, non-reflecting boundary conditions have 
been set at in- and outlet and phase-lagged conditions on circumferentially periodic boundaries. A one-equation Spalart-
Allmaras turbulence model (Spalart and Allmaras, 1992) has been chosen. In detail, one blade is forced to vibrate in the 
flow field corresponding to the structural mode shape and natural frequency for every IBPA to be adjusted by means of 
circumferential boundary conditions. A non-linear harmonic (NLH) flow solver has been used to compute the complex 
pressure distribution acting on the blade, which allows for calculating the cyclic work of the modal forcing and finally 
both, aerodynamic damping values and AICs (Figure 3). 

In case of exciting BF 1 at EO10 considering a perfectly tuned wheel one would evoke a forced response featuring a 
pure forward travelling wave with two nodal diameters (TWM 2), which is dedicated to a low aerodynamic damping ratio 
(Figure 3a). Simultaneously, the quotient between maximum to minimum aerodynamic damping takes a favorable value 
of 2.79. Hence, beneficial conditions are given for increasing the resulting aerodynamic damping by means of IM according 
to (Petrov, 2009) and (Schoenenborn et al., 2012). 

In case of exciting BF 5 at EO 24 considering a perfectly tuned wheel one would evoke a forced response featuring a 
pure umbrella mode (TWM 0), which is dedicated to a high aerodynamic damping ratio close to the maximum (Figure 3b). 
Consequently, TWM contributions associated with low aerodynamic damping ratios are involved in the response in case 
of a mistuned wheel. Hence, poor conditions are given for increasing the resulting aerodynamic damping by means of IM 
according to (Petrov, 2009) and (Schoenenborn et al., 2012). 
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a) b)  

Figure 3: Aerodynamic Damping (I) and AIC (II) for a) BF 1 and b) BF 5 

EXPERIMENTAL MODAL ANALYSES 
Due to material inhomogeneities and manufacturing inaccuracies bladed wheel hardware may actually show a differing 

vibration behavior in contrast to the tuned design intention. Consequently, frequency based experimental mistuning 
identifications are conducted for two standard wheels. The first one will be used to implement an IM pattern later on 
(Wheel I), the second one will be left as it is to serve as reference for comparing the effect of IM in future spin tests 
(Wheel II). Blade dominated frequencies are experimentally determined for different blade mode families exciting each 
blade directly by employing a miniature modal hammer. An additional detuning of all other blades with additional masses 
minimizes the coupling with adjacent blades in terms of isolating the blade being currently excited (Beirow et al., 2010). 
In this way, natural frequencies representing the whole wheel are shifted out of the frequency range of interest. The 
described procedure has been repeated for all blades by offsetting the masses and adjusting them in view of respective BFs 
and related mode shapes (Configuration 1-3).  

Figure 4 illustrates the determined frequency mistuning patterns for both wheels. Please note that Wheel II (Figure 4b) 
is applied with strain gauges (s/g) on blade 2, 3, 5, 6, 8, 9, 11, and 12. The respective mistuning patterns have been 
considered in the reduced order models and thus form another input parameter. 

 
Figure 4: Mistuning Patterns of Wheels without IM: a) Wheel I, b) Wheel II  

FORCED RESPONSE ANALYSES 
A reduced order model is built up based on the subset of nominal system modes (SNM) theory (Yang and Griffin, 

2001). SNM-models are modally reduced models enabling to bring the number of degrees of freedom down to the number 
of blades at best. Once it is built up for one blade mode family by utilizing the sector stiffness matrix, the natural frequencies 
and the blade mode shapes, it simply allows to take into account both, arbitrary mistuning in terms of blade-to-blade 
stiffness variations and aeroelastic coupling by means of AIC. Hence, SNM-models are well suited to predict the forced 
response magnification of a mistuned wheel compared to the tuned design intention with identical blades. The equation of 
motion in modal coordinates q(jΩ) reads as 
Equation 1 Ejj fqZKKDM  )(][ 2 . (1) 

        Herein, M denotes the modal mass matrix, which corresponds to the unit matrix if mass-normalized mode shapes ϕ 
have been used for the modal transformation. D represents the modal structural damping matrix, K the modal stiffness 
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matrix of the tuned reference with centrifugal and temperature effects incorporated, and K accounts for mistuning in 
terms of blade-to-blade stiffness variations. The impedance matrix Z represents the aeroelastic coupling and results from 
transforming the cyclic influence coefficients matrix from blade individual coordinates into coordinates of the subset 
(Giersch et al., 2013). fE stands for the external forcing. 

  
Figure 5: i) Mistuning Pattern, ii) FRF of Critical Blade, iii) ODS, iv) TWM Expansion for 

“Tuned” Wheels: a) Tuned Reference, b) Wheel I, c) Wheel II 
 
The first two SNM-models take the measured mistuning pattern for blade mode 1 (Figure 4) into account and consider 

the respective resonance crossing in accordance with the Campbell-diagram (Figure 2b) due to an EO 10 excitation. The 
forced response magnification or mitigation, respectively, defined by 
Equation 2 

tuned

mistuned

u

u

max
)(max)( 

  (1) 

takes values of max = 0.998 and max = 1.002 close to the tuned counterpart (max = 1) as shown in Figure 5. Commonly, 
one would have expected a stronger response magnifying effect of random mistuning. However, favorable conditions are 
present with respect to both the damping curve progression and the exciting EO10 nominally causing a forward travelling 
wave mode (TWM) 2 in case of the tuned design with identical blades as indicated in Figure 5a iii and iv. If mistuning is 
present side bands appear in the TWM decomposition (Figure 5b and c iv), whereby in particular TWM 4, 5 and +6 
contribute more aerodynamic damping than TWM 2. Consequently, the resulting aerodynamic damping is increased by 
43% (Wheel I, Figure 5b) and 57% (Wheel II, Figure 5c), which obviously compensates the response magnification. Hence, 
the EO10/BF 1 maximum forced response of Wheel II is close to that of a tuned wheel, so that it is well suited to serve as 
reference for assessing the effect of IM in later spin tests. 

Subsequently, SNM models were built up to find a suitable IM-pattern with the ability to reduce the forced response 
of BF 1 drastically. Two main requirements are formulated regarding the identification of a suitable IM pattern: 1) easy to 
implement, and 2) best possible reduction of forced response effected and possibly no magnification of higher modes. The 
first requirement is addressed by allowing only two different blade designs, namely A and B, for adjusting blade natural 
frequencies of the IM pattern. The second requirement would ordinarily demand for formulating an optimization problem 
since the BF 5 response due to an EO 24 excitation should preferably not be strongly magnified. However, due to the low 
number of only 12 blades featuring only two different blade frequencies by definition, the total number of possibilities of 
arranging the types A and B take a value of not more than 212 = 4096. Since forced response computations employing the 
SNM are executed within seconds, all possibilities have been worked out. Prescribing an IM range of f = ±1%, the pattern 
yielding the least maximum forced response (BM 1 / EO 10) features an AABB-sequence (Figure 6b), which exhibits only 
58.7% of the tuned design with identical blades (100%). 
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Figure 6: a) Mitigation or Magnification of Forced Responses and b) IM Patterns 

ROBUSTNESS AGAINST RANDOM STRUCTURAL AND AERODYNAMIC MISTUNING  
Focusing on the AABB IM pattern shown in Figure 6b, it has to be ensured that there is no significant negative impact 

of superimposed random structural and aerodynamic mistuning on the maximum forced response. Moreover, the effect of 
the mistuning magnitude is analyzed. In the regard, the intended mistuning magnitude f (zero-to-peak) of the original 
pattern (1%) is modified between 0% and 5%. It turns out that the maximum forced response (99% percentile) due to 
superimposing random structural mistuning of f = 0.5% (Figure 7a) and 1% (Figure 7b) does not exceed the tuned 
reference ( = 1) in case of assuming the original IM magnitude of f =1% (zero-to-peak). The 1%-to-90% interval is 
bordered by  = 0.522…0.751 (f = 0.5%) and  = 0.527…0.972 (f =1%), respectively, whereas the majority of 
solutions take values less than the pure AABB reference solution of  = 0.527. The solution proves to be also robust if the 
intended mistuning magnitude is increased. 

 
Figure 7: Forced Response Magnification of Best IM Pattern (AABB) Superimposed by a) f = 0.5%, 

and b)  f = 1% Random Structural Mistuning (Blade Mode 1, 15000 Samples per Point) 
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Figure 8: Impact of Random Aerodynamic Mistuning on Damping Curves and Forced Response 

Magnification of Best IM Pattern (AABB) Superimposed by Random Aerodynamic Mistuning (Blade 
Mode 1): a), b)  AIC = 5%, and c), d) AIC = 10% 

 
Figure 9: Forced Response Magnification of Best IM Pattern (AABB) Superimposed by Random 

Structural Mistuning of f = 1% and Random Aerodynamic Mistuning of AIC = 10% (Blade Mode 1) 
 
Further studies addressing the robustness of the AABB IM pattern are looking at aerodynamic mistuning in terms of 

allowing random variations of aerodynamic influence coefficients of AIC = 5% and 10%, which is in agreement with 
the approach suggested by Miyakozawa et al. (2009) In consequence, the aerodynamic damping curve (Figure 3a) may 
arbitrarily vary within the bands highlighted in yellow color with a probability of 98% (Figure 8 a and c).  Figure 8b and d 
reveal that the forced response magnification due to aerodynamic mistuning is less sensitive compared to the impact of 
structural mistuning. The robustness of the solution against aerodynamic mistuning is therefore guaranteed, only very small 
intended mistuning magnitudes less than 0.25% (AIC = 5%) or 0.3% (AIC = 10%) may lead to a forced response 
greater than that of the tuned reference. Generally, the wheel reacts less sensitive against random aerodynamic mistuning 
compared to random structural mistuning. 

Simultaneously considering the superposition of random structural and aerodynamic mistuning confirms the tendency 
determined before: The impact of aerodynamic mistuning (dark shadowed area in Figure 9) on the forced response hardly 
changes the 1-to-99% percentile region affected by pure structural mistuning highlighted in yellow color. In particular, the 
contribution of aerodynamic mistuning is negligible close to the reference IM magnitude of f =1%. 

IMPLEMENTATION AND VALIDATION OF INTENTIONAL MISTUNING 
The found best suited IM pattern AABB has been implemented into the wheel hardware. Therefore, various preceding 

simulations using the FE-method have been carried out to investigate different geometric adaptions (Nakos et al., 2021). 
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In order to minimize the production effort only half of the blades were supposed to be adapted achieving a +2% increase 
of the blade-alone frequency instead of an overall ±1% variation. Possible manufacturing processes would be grinding and 
a numerically controlled 5-axis milling process. Milling was chosen to implement the modification since manufacturing 
deviations are significantly smaller than those achievable by means of hand-guided grinding. Reducing the oscillating mass 
concentrating in the blade tip area has been identified as suitable measure to achieve the required frequency increase (Figure 
2c below). Therefore, a cutaway of material close to the blade tip has been specified. Since it is planned to gather blade 
passing times at the leading edge blade contour within upcoming blade-tip-timing measurements the trailing edge area was 
chosen to remove material. 

Wheel I has been machined using a numerically controlled milling process aiming at material removal coming along 
with the frequency increase. Figure 10b shows a machined blade of Wheel I and Figure 10a the measured mistuning 
identifications in comparison with the ideal IM pattern AABB (Nakos et al., 2022). 

The present mistuning identification of Wheel I measured after the implementation of IM (Figure 10a, “IM as 
manufactured”) has been considered in another SNM-model. Figure 10c shows that the superimposed mistuning due to 
manufacturing imperfections even has a slightly positive effect on the maximum forced response of blade mode 1, given 
that the response further mitigates from  = 0.587 of the ideal AABB design intention down to  = 0.544 for the IM pattern 
as manufactured. 

a)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c)  b)      

Figure 10: a) Mistuning Identifications, b) Machined Blade of Wheel I and c) i) Mistuning Pattern, ii) 
FRF of Critical Blade, iii) ODS, iv) TWM Expansion for Machined Wheel as Manufactured 

RESULTS AND CONCLUSIONS 
Intentional mistuning has been employed with the objective to attenuate the maximum forced response of the first 

bending mode due to an EO 10 excitation. Reduced order models, namely SNM models, have been applied since they 
facilitate to consider both aeroelastic interaction and frequency mistuning in a simple manner. It turns out that a simple 
AABB mistuning pattern featuring a f = 1% frequency variation is well suited to reduce the maximum forced response 
by 41.3% compared to the tuned counterpart featuring identical blades. This positive result benefits from favorable 
conditions regarding the dependence of aerodynamic damping on the inter blade phase angle and the EO to be excited. 

The AABB IM pattern has been implemented to a real wheel hardware by removal of material causing the intended 
shift of blade dominated natural frequencies. Although the pattern could not be implemented perfectly due to the 
unpreventable impact of inaccuracies in manufacture, the magnitude of response reduction was kept. Moreover, the impact 
of both superimposed structural and aerodynamic random mistuning has been taken into account within probabilistic 
analyses by which the robustness of the chosen IM pattern was proved. In this regard it turns out that the sensitivity of the 
forced response against aerodynamic mistuning is much smaller than that of structural mistuning.   

Final investigations will be focused on proving the response mitigation with spin tests under real operating conditions 
in the near future. 



9 

NOMENCLATURE 
Abbreviations: Vectors and Matrices: 
AIC Aerodynamic Influence Coefficients 
BF Blade Mode Family 
EO Engine Order 
FRF Frequency Response Function 
IBPA Inter Blade Phase Angle 
IM Intentional Mistuning 
ODS Operational Deflection Shape 
SNM Subset of Nominal System Modes 
TWM Travelling Wave Mode 
 Maximum Blade Displacement Magnification 

q Vector of Modal Displacements 
fE Vector of Modal Forcing 
D Modal Damping Matrix 
K Modal Stiffness Matrix 
M Modal Mass Matrix 
Z Aerodynamic Impedance Matrix 
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