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ABSTRACT 

In this paper, a nonlinear dynamic analysis framework capable of predicting the shape defects and geometric 

nonlinearities for the rotating components is developed. The shape defects are predefined from the nominal representation, 

and the nonlinear internal forces are represented as a polynomial function composed of tensor coefficients regarding the 

defect and physical displacement field. However, the construction of the full-order tensors with large number of discretized 

elements requires extremely large computational resources. To reduce the relevant computational expense, the projection-

based model order reduction technique including hyper-reduction will be employed. The present ROM framework is 

attempted for the nonlinear time-transient simulation of a propeller blade in order to evaluate the parametrized shape defects 

and its amplitudes. Finally, it is found that the present framework achieves a significant improvement in terms of accuracy, 

when compared against the conventional reduced-order model. 

 

INTRODUCTION 

Turbomachinery components such as the propeller, fan and turbine usually operate under severe environment owing 

to the high efficiency and power requirements. Specifically, the rotating blades, a crucial component, exhibit large 

displacements due to the high-speed rotation and periodic aerodynamic excitation. Moreover, modern blade design to 

enhance the performance of the turbomachine, e.g., twisted-surfaced, increased slenderness, and the resulting high-aspect-

ratio shape, may easily cause significant influence. From such perspective, to precisely evaluate their structural reliability, 

a geometrically nonlinear dynamic analysis based on the finite element (FE) method will usually be applied, during the 

design process. However, the nonlinear analysis may incur significant computation cost, owing to its large number of 

iterations in the solution procedure such as Newton-Raphson scheme.  

In this paper, to reduce the relevant computational cost, projection-based model order reduction (MOR) techniques 

(Benner, 2015) capable of rapid computation is employed while ensuring the accuracy of the solution obtained by the full-

order model (FOM). The projection-based MOR constructs a reduced-order representation by projecting the large-

dimensional system of equations onto a lower-dimensional subspace or reduction basis (RB), known as Galerkin projection. 

The relevant reduction basis can be obtained from the precomputed FOM results (referred to as the data driven method) 

(Brunton and Kutz, 2021) or directly derived from the discretized FE formulation for the FOM (referred to as the model-

driven method) (Tiso et al.,2021). In the nonlinear structural dynamics, the projection-based reduced-order model (ROM) 

has been utilized to deal with the geometrically nonlinear behavior in a reduced system, including turbomachine application 

(Kim et al., 2018; Kang et al., 2022; Mignolet et al., 2013; Vizzaccaro et al., 2020). However, the projection-based MOR 
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for a nonlinear simulation which had large number of degrees of freedom would require repetitive projection process of 

the huge nonlinear terms by RB, and it might cause the significant computational time and resources. Hyper-reduction 

method would alleviate such computational bottleneck. The hyper-reduction allows for the reconstruction of the nonlinear 

terms in the reduced dimension, by using a few sampling points or reduced number of the meshes. As a result, the 

computational cost for constructing the reduced-order representation will be significantly decreased by the recursive 

projection using the reduced nonlinear term. In particular, energy conserving sampling and weighting (ECSW) approach 

(Farhat et al, 2015) achieved the best computational improvement and numerical stability, when compared to other hyper-

reduction approaches (Kim et al., 2021) 

The aforementioned FE-based nonlinear ROMs typically use a nominal model, which refers to geometry without any 

imperfection or shape deformation. In context of structural design and optimization process, however, even small geometric 

defects may have an adverse effect on the dynamic characteristics of the structure, for instance, mistuning of turbine blades 

(Mehrdad Pourkiaee and Zucca, 2019) and an eccentricity of an impeller (Weidong et al., 2017), during their manufacturing 

process. Thus, repeated simulations considering the probability of various geometric defects are essential to evaluate the 

structural response. For this purpose, the modified FE model with shape defects can be built by changing the geometry 

(e.g. CAD drawing modification) and discretizing elements, or directly shifting the position of the nodes of the nominal 

FE model. Then, the resulting ROM matrices are constructed for solving the nonlinear problems. This procedure should be 

repeated whenever the shape defects is changed, resulting in a decrease of efficiency for MOR techniques.  

In order to overcome such computational inefficiency, the so-called defect-parametric reduced-order model (DpROM), 

i.e. a nonlinear reduced-order model with parametrized shape defects, has been proposed (Marconi et al., 2020; Marconi et 

al., 2021). In DpROM technique, the displacement fields representing the shape defects are predetermined from the nominal 

FE model, and then the nonlinear internal forces are represented as a polynomial function composed of tensor coefficients 

regarding the defect and actual displacement fields. Those full-order tensors are reduced by Galerkin projection at element 

level, during the assembling procedure for all the discretized elements. DpROM was successfully applied to MEMS 

gyroscope structure with shape imperfection. However, for larger-dimensional problem, reduction process of the full-order 

tensors containing up to higher-order will lead to a computational burden. 

In this paper, a DpROM framework for geometrically nonlinear dynamic object is developed. In order to handle the 

reduced tensor construction efficiently, the hyper-reduction method is employed to assemble the element-level tensors. 

Numerical examination is performed to evaluate whether the present DpROM framework is capable of accurately and 

rapidly predicting the structural dynamics of the rotating components which possesses shape defects and geometrically 

nonlinear characteristics.  

 

 

Figure 1 Two-step Deformation Approach in DpROM 

 

FORMULATIONS 

Modified strain tensor 

In DpROM framework, the total displacement fields of a structural object will be decomposed into the following two 

parts: a defect-displacement (constant part) and an actual displacement (variable part). After deformation, a material point 

of the final coordinates in terms of the nominal (initial) configuration is defined as follows: 
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𝐱 = 𝐱0 + 𝐮𝑑 + 𝐮,  (1) 

 

where 𝐱0 = {𝑥0, 𝑦0 , 𝑧0} , 𝐮𝑑 = {𝑢𝑑, 𝑣𝑑 , 𝑤𝑑}  and 𝐮 = {𝑢, 𝑣, 𝑤}  are the nominal coordinates, the defect- and the 

actual displacement field, respectively. Here, 𝐮𝑑 is a user-defined displacement field representing shape defects. 

The final coordinates 𝐱 can be described by going through a two-step deformation approach from the nominal 

coordinates 𝐱0 (Figure 1). The first deformation is described by the mapping function ℱ1, i.e. 𝐱d = ℱ1(𝐱0) = 𝐱0 + 𝐮𝑑, 

which is referred to as the defected configuration. The second deformation from the defected configuration to the deformed 

configuration is described by the mapping function ℱ2, i.e. 𝐱(𝑡) = ℱ2(𝐱𝑑, 𝑡) = 𝐱d + 𝐮. 

Assuming a continuous mapping, the differential line segments d𝐱𝑑  and d𝐱  in the defected and deformed 

configuration can be expressed with respect to d𝐱0, as follows: 

d𝐱𝑑 = 𝐅1d𝐱0,  (2a) 

 d𝐱 = 𝐅2d𝐱d = 𝐅2𝐅1d𝐱0,  (2b) 

The deformation gradients 𝑭1 and 𝑭2 are rearranged as  

𝐅1 =
∂𝐱d

∂𝐱0
= 𝐈 +

∂𝐮d

∂𝐱0
= 𝐈 + 𝐃d,  (3a) 

 𝐅2 =
∂𝐱

∂𝐱d
= 𝐈 +

∂𝐮

∂𝐱d
= 𝐈 + 𝐃2,  (3b) 

where 𝐃𝑑 and 𝐃2 are the displacement derivative matrices in the defected and deformed configuration, respectively. 

The displacement derivative matrix with respect to the nominal coordinate is defined as 

𝐃 =
∂𝐮

∂𝐱0
=

∂𝐮

∂𝐱d

∂𝐱d

∂𝐱0
= 𝐃2𝐅1  ⇔  𝐃2 = 𝐃𝐅−1.  (4) 

Using the relationship between Eqs. (2)-(4), the stretch is can be expressed as follows: 

𝑆 = d𝐱Td𝐱 − d𝐱d
Td𝐱d = d𝐱0

T𝐅𝟏
T(𝐅𝟐

T𝐅2 − 𝐈)𝐅1d𝐱0 

(5)  =  d𝐱0
T(𝐃 + 𝐃T + 𝐃T𝐃 + 𝐃d

T𝐃 + 𝐃T𝐃d)d𝐱0 

=  2d𝐱d
T𝐄2d𝐱d = 2d𝐱0

T𝐅𝟏
T𝐄2𝐅1d𝐱0, 

where 𝐄2 denotes the modified Green-Lagrange strain tensor, and is defined as follows: 

𝐄2 =
1

2
(𝐅𝟐

T𝐅2 − 𝐈) =
1

2
𝐅1

−𝑇(𝐃 + 𝐃𝑇 + 𝐃𝑇𝐃 + 𝐃𝑑
𝑇𝐃 + 𝐃𝑇𝐃𝑑)𝐅1

−1 (6) 

By exploiting Neumann expansion 𝐅1
−1 = (𝐈 + 𝐃𝑑)−1 ≈ ∑ (−𝐃𝑑)𝑛𝑁

𝑛=0  under an assumption of the small defects (i.e., 

‖𝐃𝑑‖2 ≪ 1), the modified Green-Lagrange strain tensor can be written as follows (Marconi et al., 2021):  

𝐄2,𝑁 =
1

2
(𝐃 + 𝐃T + 𝐃T𝐃 + 𝐃d

T𝐃T − 𝐃𝐃d − 𝐃d
T𝐃T𝐃 − 𝐃T𝐃𝐃d). (7) 

Finite element formulation  

For the FE-based nonlinear system using three-dimensional continuum elements, the strain tensor is rewritten as 

𝐄2,𝑁 = (𝐇 +
1

2
𝐀1(𝛉) + 𝐀2(𝛉d) + 𝐀3(𝛉d)𝐀1(𝛉)) 𝛉, (8) 

where 𝜽 ∈ ℝ9 and 𝜽𝑑 ∈ ℝ9 are the displacement derivative- and the defect derivative vector, respectively. 

𝛉 = {𝑢𝑥 𝑢𝑦 𝑢𝑧 𝑣𝑥  𝑣𝑦 𝑣𝑧 𝑤𝑥  𝑤𝑦 𝑤𝑧}
𝑇

= 𝐆𝐮𝑒,  (9a) 

 𝛉𝑑 = {𝑢𝑑,𝑥  𝑢𝑑,𝑦 𝑢𝑑,𝑧 𝑣𝑑,𝑥 𝑣𝑑,𝑦 𝑣𝑑,𝑧  𝑤𝑑,𝑥 𝑤𝑑,𝑦 𝑤𝑑,𝑧}
𝑇

= 𝐆𝐮𝑑
𝑒 ,  (9b) 

where 𝐆 ∈ ℝ9×𝑛𝑒  is the shape function derivative matrix of a three-dimensional continuum finite element with 𝑛𝑒  degrees 

of freedom. 𝐮𝑒  and 𝐮𝑑
𝑒  are the nodal displacement vector and the nodal defect displacement vector per element, 

respectively.  

The element-level internal force from the virtual work of the FE-based system is expressed as  

𝐟𝑖𝑛𝑡
𝑒 = ∫ 𝐁T𝐂𝐄2,𝑁𝑑𝑉𝑒

𝑉𝑒 . (10) 
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By substituting Eqs. (8) into (10), the element internal force is can be expressed as follows: 

𝐟𝑖𝑛𝑡
𝑒 = ∫ 𝐆T(𝐇 + 𝐀1 + 𝐀2 + 2𝐀3𝐀1)T

𝑉𝑑
𝑒 𝐂 (𝐇 +

1

2
𝐀1 + 𝐀2 + 𝐀3𝐀1) 𝐆𝐮𝑒𝑑𝑉𝑑

𝑒, (11) 

Equation (11) can be divided into contributions which represent the linear, quadratic, cubic terms for the displacement 

𝒖𝑒, respectively.  

𝐟𝑙𝑖𝑛𝑒𝑎𝑟
𝑒 = ∫ 𝐆T(𝐇T𝐂𝐇 + 𝐇T𝐂𝐀2 + 𝐀2

T𝐂𝐇 + 𝐀2
T𝐂𝐀2)

𝑉𝑑
𝑒 𝐆𝐮𝑒d𝑉𝑑

𝑒, (12-a) 

𝐟𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐
𝑒 = ∫ 𝐆T (

1

2
𝐇T𝐂𝐀1 + 𝐀1

T𝐂𝐇
𝑉𝑑

𝑒
 +  

1

2
𝐀2

T𝐂𝐀1 + 𝐀1
T𝐂𝐀2 + 2𝐀1

T𝐀3
T𝐂𝐇 + 𝐇T𝐂𝐀3𝐀1 

  + 2𝐀1
T𝐀3

T𝐂𝐀2 + 𝐀2
T𝐂𝐀3𝐀1) 𝐆𝐮𝑒d𝑉𝑑

𝑒, 

(12-b) 

𝐟𝑐𝑢𝑏𝑖𝑐
𝑒 = ∫ 𝐆T (

1

2
𝐀1

T𝐂𝐀1 + 2𝐀1
T𝐀3

T𝐂𝐀3𝐀1 + 𝐀1
T𝐀3

T𝐂𝐀1 + 𝐀1
T𝐂𝐀3𝐀1)

𝑉𝑑
𝑒

𝐆𝐮𝑒dVd
e.  (12-c) 

 

Tensorial approach 

Equation (12) can be composed in the element-level tensors expressed by the stiffness coefficients, as follows: 

𝐟𝑙𝑖𝑛𝑒𝑎𝑟
𝑒 =   𝐊𝑒(𝐮𝑑

𝑒 ) ∙2 𝐮𝑒, (13-a) 

𝐟𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐
𝑒 = 𝐊𝑒(𝐮𝑑

𝑒 ) 3 : (𝐮𝑒 ⊗ 𝐮𝑒), (13-b) 

𝐟𝑐𝑢𝑏𝑖𝑐
𝑒 =  𝐊𝑒(𝐮𝑑

𝑒 )4 ⋮ (𝐮𝑒 ⊗ 𝐮𝑒 ⊗ 𝐮𝑒), (13-c) 

where 

 𝐊𝑒(𝐮𝑑
𝑒 ) = 𝐊𝑒

2𝑛 + 𝐊𝑒
3𝑑 ⋅ 𝐮𝑑

𝑒 + 𝐊𝑒
4𝑑𝑑 ∶ (𝐮𝑑

𝑒 ⊗ 𝐮𝑑
𝑒 )2 , (14-a) 

 𝐊𝑒(𝐮𝑑
𝑒 ) =3 𝐊𝑒

3𝑛 + 𝐊𝑒
4𝑑 ⋅ 𝐮𝑑

𝑒 + 𝐊𝑒
5𝑑𝑑 ∶ (𝐮𝑑

𝑒 ⊗ 𝐮𝑑
𝑒 ), (14-b) 

𝐊𝑒(𝐮𝑑
𝑒 )4 = 𝐊𝑒

4𝑛 + 𝐊𝑒
5𝑑 ⋅ 𝐮𝑑

𝑒 + 𝐊𝑒
6𝑑𝑑 ∶ (𝐮𝑑

𝑒 ⊗ 𝐮𝑑
𝑒 ). (14-c) 

Here, in the left-subscript of each tensor, the number indicates the order of tensors, and the letter indicates the term in 

regard to the nominal-(“n”) or defected structure (“d”), respectively. 

The global internal force 𝐟𝑖𝑛𝑡 of the full-order model can be obtained by assembling the element-level tensors using 

the general FE procedure. However, the procedures for assembling and constructing of the full-order tensors in the Eq. (13) 

may require a significant computational cost.  

In order to compute the reduced tensors, a reduction basis (RB) 𝐕 ∈ ℝ𝑁×𝑚 and a basis 𝐔 ∈ ℝ𝑁×𝑚𝑑  representing 𝑚𝑑 

pre-defined shape defects should first be specified. Then, the element-level displacement 𝐮𝑒  and 𝐮𝑑
𝑒  are can be 

approximated in a weighted linear combination of the set of bases: 

𝐮𝑒 ≈ 𝐕𝑒𝛈,  (15a) 

 𝐮𝑑
𝑒 = 𝐔𝑒𝛏,  (15b) 

where 𝛈 and 𝛏 represents the reduced coordinate vector and the vector of defect amplitudes, respectively. 

The model-driven method is employed for selecting the RB composed of a set of m vibration modes (VMs) 𝚽𝑖 , a set 

of m (m +1)/2 modal derivative (MDs) 𝜽𝑖𝑗, and a set of 𝑚𝑑𝑚 defect sensitivities (DSs) 𝚵𝑖𝑗. VMs are obtained by solving 

the generalized eigenvalue problem: 

(𝐊|𝑒𝑞 − 𝜔𝑖
2𝐌)𝚽𝑖 = 0. (16) 

MDs are calculated by differentiating the eigenvalue problem, Eq. (16) with respect to modal amplitude. Static MDs 

(Jain et al, 2017) obtained by neglecting the mass terms is expressed as  

𝜽𝑖𝑗 =
𝜕𝚽𝑖

𝜕𝛈𝑗

 |
𝑒𝑞

= −𝐊𝑒𝑞
−1

𝜕𝐊𝑡(𝚽𝑖η𝑗 , 𝟎)

𝜕η𝑗

|
𝑒𝑞

𝚽𝑖 . (17) 

where 𝐊𝑡(𝒖, 𝒖𝑑) represents the tangent stiffness matrix. 
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Analogous to MDs, DSs are obtained by differentiating VMs with respect to defect amplitude, as follows: 

𝚵𝑖𝑗 =
𝜕𝚽𝑖

𝜕𝜉𝑗

 |
𝑒𝑞

= −𝐊𝑒𝑞
−1

𝜕𝐊𝑡(𝟎, 𝐔𝑗𝜉𝑗)

𝜕𝜉𝑗

|
𝑒𝑞

𝚽𝑖 . (18) 

By applying the multiplications of the full-order tensors by the RB at element level, the global reduced internal forces 

and tensors can be obtained, as follows: 

𝐟𝑖𝑛𝑡 = 𝐐(𝜉) ∙2 𝛈 +  𝐐(𝜉) ∶ (𝛈 ⊗ 𝛈) +3  𝐐(𝜉)4  ⋮ (𝛈 ⊗ 𝛈 ⊗ 𝛈), (19) 

Similar to Eq. (15), the reduced tangent stiffness matrix is obtained as follows: 

𝐐𝑡𝑎𝑛 = 𝐐(𝜉)2 +  𝟐 𝐐(𝜉) ∙ 𝛈 + 𝟑 𝐐(𝜉)4 (𝛈 ⊗ 𝛈)3 , (20) 

where 𝐐#  denotes the global reduced tensor computed by summation all of the element contributions 

 𝐐# = ∑ 𝐐𝑒
#

𝑁𝑒
𝑒=1 . (21) 

The detailed DpROM formulations and their relevant deviation are provided in Ref. (Marconi et al., 2021). 

Hyper-reduced tensor 

For larger-dimensional nonlinear system, the reduction process of full-order tensors containing up to sixth-order, Eqs. 

(13)-(21), may require an enormous amount of computational time and resources, during offline stage. To reduce the 

anticipated computational cost, the hyper-reduction method is employed to approximate the reduced tensors. 

Among the various hyper-reduction techniques, energy conserving sampling and weighting (ECSW) directly 

approximates the reduced nonlinear terms while preserving their numerical stability. 

Fundamentally, ECSW aims to sample a subset of elements �̃� in a finite element mesh (|�̃�| ≪ 𝑁𝑒) for the optimal 

approximation of the reduced nonlinear internal force, as follows: 

 𝐟𝑖𝑛𝑡 = ∑ 𝐕𝑒𝑇𝑁𝑒
𝑒=1 𝐟𝑖𝑛𝑡(𝐕𝑒𝛈) ≈ ∑ 𝑊𝑒𝐕𝑒𝑇

𝑒=�̃� 𝐟𝑖𝑛𝑡(𝐕𝑒𝛈) (22) 

where 𝐖 = [𝑊1, 𝑊2, . . . ,  𝑊𝑁𝑒
] ∈ ℝ𝑁𝑒 represents the set of positive weights associated with each element. 

Hence, the reduced tensor, Eq. (21), can be approximated as the summation over the sampled element only: 

𝐐# ≈ ∑ 𝐐𝑒 = �̂�##𝑒=�̃� . (23) 

where �̂�#  denotes the hyper-reduced tensor by ECSW. 

Using the hyper-reduced tensors, the reduced internal force is expressed as 

𝐟𝑖𝑛𝑡 = �̂�(𝜉) ∙2 𝛈 +  �̂�(𝜉) ∶ (𝛈 ⊗ 𝛈) +3  �̂�(𝜉)4  ⋮ (𝛈 ⊗ 𝛈 ⊗ 𝛈). (24) 

In ECSW, the sampled elements and relevant weights are typically determined from the training data set specified by 

the precomputed displacement results (i.e. the time-transient simulations using full-order model). However, these numerous 

full-order simulations for collecting the displacement results incur a computationally expensive offline stage. 

To cheaply collect the training set, the quadratic manifold (QM)-based lifting approach (Jain et al., 2017; Jain and 

Tiso, 2018) is employed for the time-transient simulations. In this approach, the displacement responses are obtained by 

lifting the inexpensive linear modal solutions to the QM, constructed with VMs and MDs, as follows.  

𝐮(𝑡) ≈ 𝚪(𝛈(𝑡)) ∶= 𝚽𝛈(𝑡) +
1

2
𝛀 ∶ (𝛈(𝑡) ⊗ 𝛈(𝑡)). (25) 

where 𝜴 denotes a third-order tensor containing the MDs. 

 

NUMERICAL RESULTS 

Numerical examination is attempted to evaluate whether the proposed ROM framework is capable of accurately and 

rapidly predicting the structural dynamics of the rotating objects with shape defects. 

To achieve such goal, comparison of the computational performance is attempted among the four different ROMs 

when to applied to nonlinear time-transient simulation. The four models considered in this paper are as follows.   

• 𝐑𝐎𝐌𝑛: Reduced order model computed from FOM of the nominal structure (FOM-n), i.e. no defects. 

• 𝐑𝐎𝐌𝑑: Reduced order model computed from FOM with defects (FOM-d) included by shifting the nodal coordinates 

of the nominal configuration. It is a reference model.  

• 𝐃𝐩𝐑𝐎𝐌: Defect-parametric reduced order model computed from FOM-n and given set of defects. Reduced-tensors 

are up to sixth-order. It was proposed in the previous study (Marconi et al., 2021).   
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• 𝐃𝐩𝐇𝐑𝐎𝐌: Defect-parametric hyper-reduced order model, based on the hyper-reduced tensors obtained by QM-

ECSW approaches (referred to as simulation-free hyper-reduction). 

The aforementioned ROM frameworks are developed and implemented based on the open-source MATLAB package, 

YetAnotherFEcode (Jain et al., 2020) which is a generic finite element solver.  

The numerical example is the 54H60 propeller blade discretized by using 3,016 quadratic tetrahedral elements with 

17,709 degrees of freedom (Figure 2). The base surface of the blade is clamped, and harmonic excitation is applied to all 

the nodes of the top surface, including constant rotational speed, 500 rpm. Furthermore, to investigate the geometrically 

nonlinear behavior involving large displacements, ω𝑒 chosen as the average of the first and second natural frequency. The 

material properties assumed to correspond to 7,000 series aluminum alloys with Rayleigh damping of mass matrix 

multiplier of 100𝑠−1.  

 

 

Figure 2 Configuration and Analysis Condition for a Propeller Blade 

 

The defect-displacement fields are predefined as the superposition of two shape defects: twist and bending, i.e. 𝐔 =
[𝐔𝟏 𝐔𝟐 ] with their amplitude parameter vector 𝝃 = [𝜉1, 𝜉2]𝑇 .  The first twist-shape defect 𝐔𝟏 = [𝐮𝑑1, 𝐯𝑑1, 𝐰𝑑1]𝑇 is 

defined as  

𝑢𝑑1(𝜉1, 𝑥, 𝑦, 𝑧) = 𝜉1 (𝑥 − 𝑟 𝑠𝑖𝑛 (𝑎𝑟𝑐𝑡𝑎𝑛 (𝑥, 𝑧) + 𝜃 
𝑦

𝐿
)  ),  (26a) 

 𝑤𝑑1(𝜉1, 𝑥, 𝑦, 𝑧) = 𝜉1 (𝑧 − 𝑟 𝑐𝑜𝑠 (𝑎𝑟𝑐𝑡𝑎𝑛 (𝑥, 𝑧) + 𝜃 
𝑦

𝐿
)  ), 𝑣𝑑1 = 0,   (26b) 

 

 

where 𝑟 and 𝜃 denote the nodal position converted to polar coordinates, which represent the radial distance from the 

rotation axis and pre-twist angle (set to be 1°), respectively. 𝐿 is the length of the blade. 

The second bending-shape defect 𝐔𝟐 = [𝐮𝑑2, 𝐯𝑑2, 𝐰𝑑2]𝑇 is given by 

𝑤𝑑2(𝜉2, 𝑦) = 𝜉2(0.001 × 𝑦2), 𝑢𝑑2 = 𝑣𝑑2 = 0  (27) 

In order to facilitate the application of the amplitude parameters, the relevant value 𝜉𝑖 = 1 corresponds to 1mm 

displacement of for each 𝐔𝟏 and 𝐔𝟐. 

For all the ROMs, the reduction basis is selected with first 5 VMs, the corresponding 15 MDs. In the case of DpROM 

and DpHROM, 10 DSs (derivatives of the 5 VMs with respect to each shape defect) are additionally included. Moreover, 

for the DpHROM, the hyper-reduced tensors are constructed based on the sampled elements (Figure 3.), using QM-ECSW 

approach.  

 



 

7 

Figure 3 Reduced number of the meshes (104 sampled elements) 

 

A nonlinear time-transient simulation with parametrized shape defects is performed for up to 0.5 s (500 steps, 0.001 

time-step size). Also, the simulations are carried out for each defect amplitude selected by combination of 𝜉1 =
{−2, −1, 0,   1, 2} and 𝜉2 = {−1, −0.5, 0,   0.5, 1}, i.e. simulations for a total of 25 cases. 

To measure the accuracy of the ROMs, global error index representing relative discrepancy of the displacement 

compared to ROM𝑑 (reference) defined as follows: 

𝐸𝐼(%) =
√∑ [𝛥𝒖(𝑡)𝑇𝛥𝒖(𝑡)]𝑡

√∑ [𝛥𝒖ROM𝑑
(𝑡)𝑇𝛥𝒖ROM𝑛 or Dp(H)ROM(𝑡)]𝑡

 × 100, 
(28) 

where  

𝛥𝒖(𝑡) = 𝒖ROM𝑑
(𝑡) − 𝒖ROM𝑛 or Dp(H)ROM(𝑡). (29) 

Figure 4 shows global error for the three ROMs. DpROM and DpHROM achieved a significantly higher accuracy for 

all the cases (the average relative discrepancy was within 1.5%). However, ROM𝑛 shows unacceptable errors in most 

cases. Specifically, it is observed that the global error tended to increase as the amplitude of the bending-defect 𝜉2 

increased, of which direction corresponds to the first (bending) mode of the present propeller blade.  

Moreover, DpHROM is noticeably efficient, as the offline computational time is about 86% less than those consumed 

by DpROM (Table 1). 

 

Figure 4 Global error for the ROMs 

 

 DpROM DpHROM 

RB extraction 18.69 s 18.69 s 

Hyper-reduction (QM-ECSW) - 69.71 s 

Tensors construction 890.84 s 33.12 s 

Total CPU time 909.53 s 
121.43 s 

(↓86.65%) 

Table 1 Comparison of the CPU time in offline stage 

CONCLUSION 

In this paper, a parametric ROM framework combine with hyper-reduction is developed for representing the shape 

defects and geometrically nonlinear characteristics of a rotating blade. These defects are predetermined from the nominal 

FE model, and are represented by modified strain formulation. The nonlinear systems are represented as a polynomial 

function composed of reduced tensors. To efficiently perform computation during the offline stage, inexpensive QM-based 

ECSW approach is employed to approximate the reduced tensors. 

The present ROM framework is applied to a propeller blade, including the parametrized shape defects. The different 

ROMs, i.e., ROM𝑛, DpROM, and DpHROM, are compared in in terms of accuracy, when compared to ROM𝑑 (reference 

model). The following results are obtained: 

• DpROM and DpHROM are successfully employed to handle the shape defects including geometrically nonlinear 

formulations. 

• Compared to DpROM, DpHROM achieves a significant improvement of about 86% in the computation cost for the 

ROM construction. 
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In the future, an optimal RBs extraction strategy will be considered to preselect only a few RBs representing the 

nonlinear response of the system. 
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