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ABSTRACT
High performance compressor design requires the blades to be parametrized with highly three-dimensional freeform

surfaces. One of the most widely used and versatile curve/surface modelling approaches in the CAD community is the
Non-uniform Rational B-Spline (NURBS). Although blading tools are nowadays rather established and widely used in the
turbomachinery industry, much of the work is either in legacy codes or done through commercial software, but a lot of know-
why is missing. In this work, an effort to model the traditionally designed blades as well as more advanced modern designs
with a unified approach is made, with the intention to understand the appropriate parametrization approach based on first
principles and hopefully simplify the task of selecting a ‘suitable’ parametrization method for blade design practitioners.
The Python code developed in this work can model axial and radial blade sections as well as three-dimensional blades
including the hub and shroud profiles using NURBS. The control points for the NURBS curves/surfaces are computed
using the input camber and thickness distribution. In addition, an automatic fitting algorithm based on optimization is also
developed to re-parametrize blade shape provided in the form of point cloud. The results in the paper serve as a first step
for building a simple yet versatile blading tool which will in the future be imbedded in an optimization workflow.

1 INTRODUCTION
Driven by the increasing pursuit of high performance, the design and optimization processes of turbomachinery rely

increasingly more on the simulation predictions with the development of the numerical method. The blade design is a
complex process taking a lot of time to adjust the blade geometry repeatedly in order to meet aerodynamic performance and
the stress requirement at the same time. But for normal Computational Fluid Dynamics (CFD) simulations, the number of
design or optimization parameters affects the computational time consumption significantly. Therefore, a suitable method
for parametrization is essential for decreasing the number of design parameters or optimization variables. As modelling the
satisfactory geometry is the first step to the numerical calculation, using the appropriate parametrization method is critical
for the design and optimization. The highly three-dimensional freeform surfaces are required to model the high-performance
turbomachinery blades. Some old design blade profiles consist of 4 curves:leading edge, trailing edge, suction and pressure
sides curves. While the advanced modern designs define the profile by arbitrary camber and thickness distribution. To
model different kinds of designs with a unified approach, Non-uniformRational B-Spline (NURBS) which is one of themost
widely used and versatile curve/surface modelling approaches in the CAD community is introduced into the parametrization
of the blade.

In this work, an effort tomodel the traditionally designed blades aswell asmore advancedmodern designswith a unified
approach is made, with the intention to understand the appropriate parametrization approach based on first principles and
hopefully simplify the task of selecting a ‘suitable’ parametrization method for blade design practitioners. The Python code
developed in this work can model axial and radial blade sections as well as three-dimensional blades including the hub and
shroud profiles using NURBS. The control points for the NURBS curves/surfaces are computed using the input camber and
thickness distribution. Different from interpolating, an automatic fitting algorithm based on optimization is also developed
to re-parametrize blade shape provided in the form of point cloud.

2 NURBS
Non-uniform Rational B-Spline (NURBS) includes several kinds of curves and surfaces with different characteristics.

A B-spline curve which has the simple form of expression is a special case of a NURBS curve.
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2.1 B-spline curves
A pth-degree B-spline curve is defined as: (Piegl and Tiller, 2012)

C(u) =
n

∑
i=1

Ni,p(u)Pi a ≤ u ≤ b (1)

where Pi are the control points, u is the independent variable of the curve typically at the range of [0,1]. Ni,p(u) are the
pth-degree B-spline basis functions defined on the fixed non-decreasing knot vector

U = {a,a, ...,a,up+1, ...,ue−p−1,b, ...,b} (2)

which using (e+1) knots divides the interval [a,b] into a series of half-open subintervals [ui,ui+1) called knot spans. The
basis functions are defined as:

Ni,0(u) =

{
1, if ui ≤ u ≤ ui+1

0, otherwise
(3)

Ni,p(u) =
u−ui

ui+p−ui
Ni,p−1(u)+

ui+p+1−u
ui+p+1−ui+1

Ni+1,p−1(u) (4)

The zero-degree step function Ni,0(u) equals one only on the knot span u∈[ui,ui+1), and the pth-degree basis function is
a linear combination of two (p− 1)-degree basis functions (Piegl and Tiller, 2012). Hence the pth-degree basis functions
{Ni,p(u)} are piecewise polynomial functions which are nonzero only on limited numbers of subintervals. When multiplied
by control points, moving Pi affects only some part of the curve, which is called ‘local shape control’ as seen in the left part
of Figure 1.

Figure 1 Local shape control (left) and the effect of weights (right).

2.2 NURBS curves
In order to represent some curves which cannot be represented by polynomials such as semi-circular leading edges of

blade sections, weights w= {w1, ...,wn} of control points are introduced. A pth-degree NURBS curve is defined as:

C(u) =
∑n

i=0 Ni,p(u)wiPi

∑n
i=0 Ni,p(u)wi

a ≤ u ≤ b (5)

Both control points andweights can be utilized to achieve the ‘local shape control’ in NURBS curves. With the control points
fixed, increasing (decreasing) only one weightwi, the NURBS curve is pulled toward (pushed away from) the corresponding
control point Pi, as shown in the right part of Figure 1.

2.3 B-spline surface
A B-spline surface is defined as:

S(u,v) =
n

∑
i=0

k

∑
j=0

Ni,p(u)N j,q(v)Pi, j (6)

where the (n+ 1)× (k + 1) control net is made up by the control points Pi, j. The pth-degree basis functions Ni,p(u) is
defined on the knot vector as equation (2) and q-th degree basis functions N j,q(v) is defined on the knot vector with (f +1)
knots defined as:

V = {a,a, ...,a,vq+1, ...,v f−q−1,b, ...,b} (7)
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3 BLADE MODELLING
Aerodynamic blade shape involved arbitrary surfaces on several spanwise sections make a contribution to the high-

performance of the turbomachinery (Hazby et al., 2015). A three-dimensional blade is constructed by stacking several
spanwise sections defined on different stream surfaces from hub to shroud. After having the definition of the blade merid-
ional contour, the profiles on hub and shroud surfaces can be defined. Then the suction/pressure side surface of the blade
can be modelled by a B-spline surface.

3.1 The definition of the meridional plane and the stream surface
Using 6 control points to define the hub and shroud curves on the meridional plane respectively as shown in Figure 2.

Then the blade meridional contour is made up by the hub and shroud curves, leading edge and trailing edge.

Figure 2 The meridional contour of a blade.

3.2 The blade profile definition
Each blade section is defined on a stream surface using camber and thickness distribution along themeridional distance.

The distribution of camber line angle (β ) is specified as a function of the meridional distance (m) on its stream surface, seen
in Figure 3. The shape of the camber line along the hub and shroud is then calculated by integration along the meridional
channel (Casey and M., 1983).

θ =
∫ tanβ

r
dm (8)

The spanwise blade sections called profiles are defined on the (m′,θ) coordinate system widely used in the blade design
which is defined as:

m′ =
∫ dm

r
=

∫ √
dr2 +dz2

r
(9)

θ = arctan
y
x

(10)

Figure 3 The camber angel and the meridional distance.

Based on (m′,θ) coordinate, a third-degree B-spline curve with 6 control points is used to define the camber. The
thickness distribution of the blade profile is defined by a 3rd-degree NURBS curve which has the same m′ range with the
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camber. Each thickness control point has 3 parameters, namely the two coordinates and one weight, except for the first and
second control points. The first control point is completely fixed on the m′-axis at the same m′-value with the first control
point of the camber, and the second one of thickness is fixed at the same m′-value with the first one to maintain the G2
continuity at the leading edge. Every point on the thickness curve represents the half-thickness of the blade at that position
on camber. There are 27 variables in total. The degree of freedom of control points and the design variables of the camber
and thickness distribution are shown in Figure 4. For each half-thickness point, evaluating the coordinates of suction and
pressure side point has to find the corresponding point on camber with the same m′-value by finding the root of the equation
m′

thick −m′
camber(u) = 0 to get the variable u of the B-spline curve.

Figure 4 The control points and the design variables of the camber (left) and thickness curve (right).

3.3 Model the three-dimensional blade
Based on the profile definition, the three-dimensional blade is constructed by stacking the profiles from hub to shroud

along the spanwise direction. The stacking is performed through the leading edge of the blade profiles (Verstraete, 2010).
In the consideration of the subsequent CAD modelling and manufacturing requirements, a 3rd-degree B-splines curve with
6 control points is used to re-parametrize the set of evaluated suction/pressure side points using the method described in
section 4.1. A similar procedure is used for the shroud profile. Then 12 control points compose a matrix with two rows and
six columns which can define a B-spline surface. The blade with ruled suction/pressure surfaces is modelled with the hub
and shroud profiles, see Figure 5.

Figure 5 A ruled surface blade impeller.

4 FITTING
4.1 Fitting a single curve

The fitting procedure is implemented in Python. To re-parameterize a two-dimensional or three-dimensional curve
given in the form of point cloud, using the optimization method ‘SLSQP’ (Kraft, 1988) of the SciPy library to minimize the
objective function that can be formulated as:

min f (P) =
∑n

i=1 d4
i

m
(11)

where P is matrix made up by the control points of the B-spline curve as the unknown parameter, and m is the number of
the given target points. To better condition the numerical optimization process, the fourth power of the distance between
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each given target point Mi and its projected point on the B-spline Qi is used to evaluated the objective function. The di can
be formulated as:

di(P,u) = ∥Qi(P,u)−Mi∥2 (12)

The projected point Qi is evaluated by minimizing the distance di using the Newton method to get the variable u, while
the gradient of the di is approximated using central finite difference method. In the optimization process, the only unknown
is the matrix of the control points as the knot vector U and the degree p are fixed.

For example, using a 3rd-degree B-spline curve with 6 control points to fit a two-dimensional curve, the result is shown
in Figure 6. The knot vector is U = {0,0,0,0,1/3,2/3,1,1,1,1}. The first and the last control points are fixed at the first
and last target points respectively while other 4 control points are free. The error d of the fitting result along the x-direction
and the residual convergence history respected by the mean error dmean are shown in Figure 6. The maximum error is less
than 0.2 mm.

Figure 6 The fitting result of a single curve (left) and the convergence history (right).

4.2 Fitting a blade profile
Different from fitting a single curve, fitting a profile counter is based on the profile definition of camber and thickness

distribution illustrated in section 3.1. Given point cloud in (x,y,z) coordinate has to be transformed to (z,r) coordinate to
get the meridional information for the following work. Using a B-spline curve to fit the streamline on the meridional plane,
so that any point on the curve can be evaluated. Starting from the initial given data in (x,y,z) coordinate, several kinds of
data will be used later, the data processing flowchart is shown in Figure 8.

Figure 7 The data processing flowchart.

For one certain section, using the evaluated suction/pressure side curves defined by the camber and thickness distri-
bution to fit the given contour made up by the point cloud. As mentioned before, using a B-spline curve to represent the
camber, and the thickness distribution is described by a NURBS curve. The fitting is an optimization process using the
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method ‘SLSQP’ of the SciPy library to minimize the objective function that can be formulated as:

min f (P,w) = ∑s
i=1 d(P,w)4

i
s

+
∑t

j=1 d(P,w)4
j

t
(13)

Where P is the matrix made up by the control points of the camber and thickness curve, s and t are the numbers of suc-
tion and pressure side target points respectively, w is the weight vector of the thickness curve. To better condition the
numerical optimization process, the fourth power of the distance between each target point and corresponding calculated
suction/pressure side curve is used to evaluated the objective function. The di is defined as:

di(P,w,u) = ∥Qi(P,w,u)−Mi∥4
2 (14)

where Mi is the given target point, and the Qi is the point obtained by projecting Mi to the corresponding calculated suc-
tion/pressure side curve. Similar with fitting a single curve, the projected pointQi is determined by minimizing the distance
di while the P and w is fixed, using Newton method to get the variable u. The fitting flow chart is shown in Figure 9.

Figure 8 The flow chart of fitting a profile.

trailing edge leading edge

Figure 9 The result of fitting a blade profile.

An example of fitting the hub profile is shown in Figure 9. With the point cloud of the hub profile given, the camber
and the thickness distribution curve are fitted by a B-spline curve and a NURBS curve both of third-degree and 6 control
points respectively. In order to accelerate the fitting process, the m′ of the thickness control points are fixed at the initial
values. The first and second control points are fixed at the m′ location of the leading edge, and the third point is fixed at
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6.25% of the m′-direction length of the profile. The other 3 points are with equal spacing along the m′-direction. Similarly,
the first and the last control points of camber are fixed at the initial positions to maintain the location of leading and trailing
edge.

The convergence history of fitting error d is shown in the left part of Figure 11. From the leading edge to the trailing
edge, the maximum distance between the target point and the corresponding counter line is less than 0.5mm which located
near the leading edge, see right part of Figure 11. The time consumption of one iteration is about 1.5 minutes, and 292
iterations cost about 7 hours in total. Further acceleration needs to be considered to decrease the time consumption.

Figure 10 the convergence history (left) and the fitting error of the result of fitting a profile (right).

5 CONCLUSIONS
This paper presented a three-dimensional freeform blading tool based on NURBS curves and surfaces. The method

uses the blade profile definition of the camber and the thickness distribution, based on which the three-dimensional blade
geometry is modelled by stacking the profiles from hub to shroud. An automatic fitting algorithm based on optimization
is developed to re-parametrize blade shape provided in the form of point cloud. The maximum fitting error of the blade
profile is less than 0.5mm.
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