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ABSTRACT
Detailed and accurate measurement is fundamen-

tally important in aeroelastic researches. Blade tip timing
(BTT) is a promising non-intrusive vibration measuring
approach. However, the uncertainty about BTT has not
been evaluated adequately. In this paper, the precision of
individual blade vibrational parameter recognition based
on BTT data is studied using an experimental method. The
‘ground truth’ tip deflection data is obtained by laser dis-
placement sensors during synchronous, non-synchronous,
and compound vibrations. Based on this, algorithms such
as sine-fitting, non-uniform Fourier transform, and com-
pressed sensing are investigated. It is found that for a
unimodal signal with a high signal-to-noise ratio (SNR),
these algorithms can get ideal results. For complex re-
sponse vibrations, their performance is reduced dramati-
cally. Sine-fitting could yield the wrong relative magni-
tude of the components. Non-uniform Fourier transform
gives heavily aliased spectrums but acceptable amplitude
estimates. Compressed sensing could resolve all the main
components while the amplitudes are too small. Our re-
sults could provide a reference for the practical application
of BTT.

INTRODUCTION
BTT is believed to have the potential to replace strain

gauges (SGs) for blade vibration measurement. Compared
to predominantly deployed SGs, BTT is non-intrusive,
more durable, and far easier to install. Most importantly,
BTT is capable of monitoring all the blades on a rotor at
the same time. Nevertheless, BTT is still away from mas-
sive commercial applications after decades of develop-
ment. One of the major obstacles is its low accuracy(Chen

et al., 2021). An early report (Russhard, 2010) showed
that the difference of blade displacement measurement be-
tween BTT and SG can reach up to 25%. Russhard (2016)
pointed out that error could be produced in every step
of measurement and analysis, including time of arrival
(ToA) acquisition, deflection and frequency calculation,
and blade stress evaluation. In fact, we prefer to further
break the second step into two parts since converting from
ToA data to deflection and recognizing vibrational param-
eters are essentially different procedures. Overall, quanti-
fying the uncertainties is a systematic job. The focus is on
individual blade vibrational parameter recognition in this
work.

Sub-sampling is the most troublesome problem con-
fronting individual blade analysis based on BTT data.
Early methods(Zablotskiy and Korostelev, 1970; Heath,
1978; Carrington et al., 2001; Dimitriadis et al., 2002;
Jousselin, 2013) bypass the problem by either ignoring
the mistuning effect among the blades or obtaining prior
knowledge of vibrational frequencies using finite element
analysis (FEA). However, this issue must be addressed in
accurate aeroelastic researches and safety monitoring sit-
uations. Recently, many new algorithms have been pro-
posed targeted at blind spectrum estimation for each in-
dividual blade. Salhi et al. (2008) used B-spline inter-
polation to recover the under-sampled data. Wang et al.
(2020) introduced an improved multiple signal classifica-
tion (MUSIC) method for non-uniform sampling. Khary-
ton et al. (2017) made comparisons among six different
methods based on the data collected in real gas turbine
tests. Most recently, compressed sensing (CS) has been
introduced to this domain(Bouchain et al., 2018; Wu et al.,
2019). CS is based on the signal’s sparsity in the frequency
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domain and is also referred to as sparse reconstruction in
some literature. Initially, the method posed limits on the
distribution of sensors (Lin et al., 2016; Pan et al., 2017).
Tian et al. (2020) made advancements that enabled arbi-
trary sensor distribution. However, these works rely heav-
ily on simulation, and not enough experimental validations
were carried out.

This paper aims to provide a comprehensive analy-
sis of the uncertainties of the parameter recognition al-
gorithms. In addition, suggestions for applying BTT in
aeroelastic researches are proposed as well.

MODE RECOGNITION BASED ON BTT
Principle and uncertainties

The configuration and principle of a typical BTT sys-
tem is sketched in Fig.1. Several probes mounted on the
casing record the instant t when a blade arrives. On the
other hand, an expected ToA t is calculated assuming that
no vibration takes place. The blade’s deflection can there-
fore be obtained by the difference of the two pieces of data,
the rotational speed Ω, and the tip radius r:

y = Ωr(t − t). (1)

Although the process looks simple, precise measurement
is not always an easy task. Reasons including timing er-
ror, speed fluctuation, and static displacement of rotor and
sensors could result in uncertainties.

Acquisition of deflections is only the start. For aeroe-
lastic researches, the blade vibrational parameters have to
be determined. Suppose that m sensors are used, only m
samples could be collected during one revolution for each
blade. Considering that the highest engine order (EO)
could be above 20 in an aeroelastic research(Holzinger
et al., 2016), traditional spectrum estimation using spa-
tial Fourier transform requires at least m > 40 sensors ac-
cording to the Nyquist-Shannon sampling theorem. But
in fact, it is not possible to install so many sensors uni-
formly on the casing outside the rotor. Hence, alternatives
are needed.

Mathematically speaking, to obtain the vibrational
spectrum is to solve the following equation:

yyy = Aaaa, (2)

where yyy = [y1,y2, . . . ,yM]T is the measurement, aaa =
[a1,a2, . . . ,ap]

T ∈ C is the spectrum,

A =


exp(iω̃1α1) exp(iω̃2α1) . . . exp(iω̃pα1)
exp(iω̃1α2) . . . . . . exp(iω̃pα2)

...
. . .

...
exp(iω̃1αM) exp(iω̃2αM) . . . exp(iω̃pαM)

 .

(3)
An observation can contain data collected from multiple
continuous revolutions, thus the window sizeM = ncyclem.
When batch size ncycle > 1, the ith physical sensor position
αi is augmented to αi+km = αi + 2πk on the kth revolu-
tion. The number of harmonics to be recovered, p, and
the reduced frequencies ω̃ , or EO, are chosen by the user

depending on which algorithm is used. When p > M, the
equation becomes undetermined, one has to make addi-
tional constraints to obtain a unique solution.

monitor
Process circuit

Analog signal

Digital signal

Time of arrival

Tip displacement

Vibration analysis / health monior

Figure 1 Configuration and principle of BTT systems.

Least-squares sine-fitting (LSSF)
LSSF models blade vibration as the superposition of

one or several sinusoidal waves. Mostly, only one or two
modes are considered, thus the number of unknowns is cut
down significantly. The EOs ω̃k(k = 1,2, . . . , p) are in-
put parameters in this method. They are supposed known
based on FEA or other methods. Hence, the objective only
includes amplitudes estimation and is achieved by calcu-
lating the least-squares solution to Eq. (2). LSSF is not
a spectrum analysis method and it relies heavily on prior
knowledge. Nonetheless, it demonstrates superior relia-
bility when SNR is high.

Non-uniform discrete Fourier transform (NUDFT)
NUDFT evaluates the spectrum using the formula

ak =
1
M

M

∑
n=1

yn exp(−iω̃kαn) (4)

where k = 1,2, . . . , p. The EO range and resolution are de-
fined by the user. This method simply reflects the corre-
lations between the measurement and harmonics. Gener-
ally speaking, the raw spectrum is severely corrupted with
aliases and multiples of true components. Therefore, the
result must be analysed with reference to the vibrational
properties gained from FEA. In this sense, prior knowl-
edge still plays a decisive role in NUDFT.

Compressed sensing (CS)
CS searches for the spectrum making use of the sig-

nal’s sparsity in the frequency domain. A sparse signal
implies that most of its components are zero. Hence, what
we seek is a solution that satisfies Eq.(2) with the mini-
mum ℓ0-norm:

min ||aaa||0 s.t. yyy = Aaaa. (5)

Such restriction makes CS need no comprehensive prior
knowledge. However, this is a NP-hard problem which
cannot be solved in polynomial time. According to CS
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theory(Donoho, 2006; Xu et al., 2010), as long as certain
requirements are satisfied, the ℓ1 optimization problem can
be solved instead:

min ||aaa||1 s.t. yyy = Aaaa. (6)

A variety of algorithms have been developed to solve this
convex-optimization problem. In this paper, we adopt the
SDPT3 solver which has a standard MATLAB implemen-
tation.

In order to apply CS, blade vibrational signal is as-
sumed to satisfy Eq.(2) where p is a small integer. How-
ever, such assumption is not naturally valid since a blade’s
response caused by turbulent flow field excitations is es-
sentially a random quantity with complex time-frequency
features. Therefore, the performance and reliability of CS
is still an open question.

EXPERIMENTAL METHOD
Test bench

We devised a novel test bench where the ‘ground
truth’ vibrational data of rotating blades can be collected.
Figure 2 shows the configuration of the facility. The rotor
is driven by a servo, thus the rotational speed can be pre-
cisely controlled. The maximum fluctuation error is less
than 0.1% when operating at a constant speed. The num-
ber of blades is variable. However, limited by the power of
the servo, only two are used in this study and themaximum
speed is 1500RPM. Nevertheless, they have been proved
sufficient for the current research purpose. Each blade is
monitored by a laser displacement sensor (LDS) fixed on
an arm mounted on the disk. The arms are designed stiff
enough that the relative movement between the LDS and
the rotor root can be neglected. To ease the measurement
while retaining the essence of the vibrational signals, the
blades are designed as thin plates and placed perpendicu-
lar to the laser beams emitted by the LDS. The measure
points are close to the edges, thus both bending and tor-
sional vibrations can be detected. The signals from LDS
are transferred through a slip-ring to the static laboratory
reference.

A piece of macro fiber composite (MFC) is attached
to blade 1#, acting as a powerful actuator. The MFC is a
piezoelectric material whose deformation is proportional
to the applied voltage. The driving voltage is controlled
by a signal generator and supplied to the MFC through
the slip-ring. By adjusting the output waveform of the
signal generator, an excitation force with corresponding
amplitude-frequency characteristics can be applied to the
blade at any rotating speed. Compared to the air excitation
system adopted byWang et al. (2020) and Liu et al. (2020)
and the crack excitation in (Bouchain et al., 2019), MFC
in our test bench can be precisely controlled and is much
more flexible.

Vibrational characteristics of blades
This section provides a brief introduction to the

blade’s vibrational characteristics. Figure 3 displays the
simulation result of the first three mode shapes for the

Figure 2 Test bench configuration. The control and test
devices, the bladed disk and the sensors, and the side
view of the disk are shown from left to right. The LDS
measurement points are displayed by red points in the
rightmost sketch.

blade, which are first flap (1F), first torsion (1T), and sec-
ond flap (2F), respectively. UtilizingMFC,modal tests are
carried out by means of linear sweep excitation at differ-
ent rotating speeds. Figure 4 shows the excited blade’s re-
sponses. The flat shape of the blades and the way they are
installed create strong and unsteady aerodynamic loads,
causing the spectrums to be noisy near the first mode or at
high speeds. It is found that the bladed disk indeed resem-
bles a blisk with very little damping since both blades can
be effectively excited even though the MFC attaches to
blade 1# alone. The resonant frequencies of both blades
are extracted and plotted in the Campbell diagram, as is
shown in Fig.5. The simulated andmeasured value are sat-
isfactorily close. The discrepencies that can be observed
for all three modes are due to machining error.

Figure 3 Simulation result of the first three mode
shapes for the blade. (A): Mode 1, 1F, (B): Mode 2, 1T,
(C): Mode 3, 2F.

CASE STUDY
Three cases for blade 1# are chosen in this paper.

The parameters are listed in Table1. Figure 6 reveals the
spectrum of displacement in these cases obtained by ap-
plying short-time Fourier transform to the LDS signal. In
case No.1 and No.2, the MFC piece creates a sinusoidal
force at the resonant frequency of the 1F mode, causing
the blade to vibrate violently. Because of the random aero-
dynamic excitations, the amplitude of vibration is not con-
stant. Both signals in these two cases are unimodal with
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Figure 4 Blade 1#'s response in modal tests. (A): overview, (B): close-up near the first mode, (C): close-up near the
second mode. The lines are normalized by dividing the maximum.
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Figure 5 Campbell diagram of the blades. Solid: blade
1#, dash: blade 2#, dot dash: simulation.

very high SNR but varying amplitude. The difference is
that case No.1 is non-synchronous but case No.2 is syn-
chronous. In case No.3, the MFC exerts a force at the
natural frequency of the 1T mode. However, the unsteady
aerodynamic force becomes so powerful at such rotational
speed that the effect of MFC is obscure. Three compo-
nents are prominent in this case: the 1RF (rotating fre-
quency), the 1F mode caused by non-synchronous aerody-
namic excitation, and the 1T mode caused by synchronous
MFC excitation. Their SNRs are relatively lower than the
previous two cases. As would be revealed in the follow-
ing sections, it is rather challenging to resolve all these
features with sub-sampled data.

Since this work focuses on the uncertainties of fre-
quencies and amplitudes that arise frommode recognition,
we expect to avoid the error produced during deflection
calculations. Therefore, we collected the LDS and BTT
data simultaneously and then extracted the deflection sam-
ples directly from the LDS data at those instants recorded
by BTT. This approach is only valid when the rotational
speed is constant, which is satisfied in our test bench.

RESULTS AND DISCUSSION
Non-synchronous vibration (NSV)

Case No.1 is a typical NSV. A set of four uniformly
distributed sensors is used to test the LSSF method. The
condition number of the matrix A is around 1, which is
almost optimal according to Diamond and Stephan Heyns

Table 1 Case study parameters. (ωr: rotational angular
velocity, fe: frequency of excitation)

Case No. ωr / RPM fe / Hz Main components

1 600 54.5 1F (5.45EO)
2 656 54.7 1F (5EO)

3 1255 251.0
RF (1EO)

1F (2.76EO)
1T (12EO)

(2018). Since precise input EO is not always guaranteed,
we deliberately introduced error to the parameter and in-
spected LSSF’s performance. The error of input EO is de-
fined as

ε = (
ω̃input
ω̃real

−1)×100%. (7)

Figure 7 shows the time history of fitted amplitude. LSSF
gives very accurate amplitude estimates when the EO is
precisely designated. The fitted amplitude follows the
truth very well even when the input EO is 1% inaccurate.
If ε grew any larger, the accuracy would degrade quickly.
When ε = 3%, the fitted amplitude is about 50% less than
the truth.

Figure 8 reveals how batch size affects the accuracy
of LSST. Here, accuracy is defined by the difference be-
tween one and the mean relative error of fitted amplitude.
When ε = 0, the accuracy is well above 90%, increasing
batch size could only make a slight improvement. The
situation is completely different when ε > 0. Substantial
drops in the accuracy can be seen as batch size increases.
Moreover, the severity soars as |ε| increases. For ε = 3%,
no elevation in accuracy can be seen when the batch size
increases from 1 to 2. On the contrary, it decreases to
below 50% when the batch size is above 4. Considering
that 3% of inaccuracy in natural frequency estimation is
fairly common, the authors would suggest that batch size
no more than 2 should be used for NSV signals in actual
tests when LSST is utilized.

Spectral analysis by means of NUDFT and CS is car-
ried out, the result is shown in Fig.9. Both NUDFT and CS
can capture the 1Fmode, but CS yields amuch neater spec-
trum. In Fig.9a and Fig.9b, the set of probe positions at
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Figure 6 Autopower linear of LDS signal.
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Figure 7 Time history of fitted amplitude by LSSF. A
batch contains data from four revolutions.

[36◦,75◦,128◦,145◦,153◦,160◦,290◦,335◦] is used. The
installation angles are optimized using the algorithm pro-
posed by Zhang et al. (2021). For NUDFT, despite the
straight line appears at 5.45EO as expected, aliasing lines
at 5.45± (1,2,3,4) EOs are also distinguishable. Without
prior knowledge, it would be hard to determine whether
the original signal contains these components. Contrarily,
CS with 8 sensors exhibits no aliasing at all. Fig.9c shows
CS results employing 4 sensors at [6◦,41◦,237◦,255◦].
False peaks at 3.5EO and 7.5EO can be observed. Previ-
ous studies (Xu et al., 2010; Xiao et al., 2019) implied that
4 sensors would be enough when sparsity is 1. Hence, our
test indicates that the previous criterion is risky. Fig.10
further demonstrates the phenomenon. The amplitude
recognition error of the 4-sensor case shrinks as the batch
size increases, which is the sign of lacking enough probes.
In addition, it is worth pointing out that even NUDFT has
poorer anti-aliasing performance, it can provide accurate
amplitude estimation. The averaged error is less than 2%
when the batch size is less than 4. As a comparison, re-
sults given by CS are approximately 40% lower than the
true value.

Synchronous vibration (SV)
Similar analytical procedureswere performed on case

No.2 which contains an SV signal. First, LSST is tested
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Figure 8 LSST accuracy for NSV signal.

when both input EO deviation ε and batch size are consid-
ered. The result is depicted in Fig.11. The trend resembles
that in the NSV case, but the accuracy is higher here. If
only one revolution were included in a batch, the accuracy
of amplitude estimation would be above 87% even when
ε = 3%. If more revolutions were included, the accuracy
would drop. Next, spectral analysis methods are exam-
ined. Fig.12a shows the spectrum obtained by NUDFT,
which is heavily aliased at almost all integral EOs. Nev-
ertheless, the amplitude is rather accurate at 5EO. By con-
trast, CS with 8 sensors provides a rather satisfactory judg-
ment about the EO component. As illustrated in Fig.12b,
sharp peaks at and only at ±5EO can be seen. However,
CS with 4 sensors gives a worse estimate than it did in the
NSV case. False peaks emerge at all integral EOs. There-
fore, we again demonstrate that more sensors than indi-
cated by previous studies should be used for a reliable CS
analysis.

Compound vibration
Compound vibration in case No.3 is a comprehensive

examination for all the methods. Fig.13 compares the time
history of magnitudes at the three main orders. Table2
lists the averaged value of the time-dependent magnitudes.
Since this case is more complicated than the previous two,
nine uniformly distributed sensors are used in LSST. A
batch size of two is adopted and no deviation is introduced
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Figure 9 Spectral analysis of the sub-sampled NSV sig-
nal.

into the input EOs. For NUDFT and CS, twelve sensors
at [22◦, 29◦, 36◦, 46◦, 109◦, 145◦, 159◦, 198◦, 242◦, 317◦,
338◦, 346◦] are used.

LSST gives the most accurate estimate of the most
powerful component 1F but messes up the relative mag-
nitude of RF and 1T. This indicates that the fitting al-
gorithm cannot accurately recover the minor components
with low SNR. NUDFT has an excellent (only 3% lower)
estimate of RF. The result about 1F is 25% higher, which
is still reasonable. However, the amplitude of 1T is more
than 4 times the truth. Based on the knowledge gained
from the NSV and SV cases, and considering that 1T is a
synchronous vibration of 12EO, the overestimate of 1T is
probably due to the aliasing of RF. Since containing RF re-
sponse is extremely common in actual vibrations, the am-
plitude of integral EOs estimated by NUDFT is not quite
reliable. Moreover, as a spectral analysis method, the res-
olution of the main components is unacceptable. Only 1F
mode can be recognized from the waterfall map in Fig.14a.
By contrast, the result of CS in Fig.14b is more informa-
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Figure 10 Amplitude estimation error for NSV signal.
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Figure 11 LSST accuracy for SV signal.

tive. Ridges at RF and 1F can clearly distinguish them-
selves from the background. Mode 1T is less obvious but
still observable. The drawback of CS in this case is the
same as in the former two that the amplitude estimates are
too small.

The features of NUDFT and CS enlighten us to com-
bine the advantages of the two methods for an effective
and reliable spectrum estimate method without any prior
knowledge. First, the main components are extracted from
the CS results. Then, NUDFT is used to estimate the am-
plitudes. The prerequisite of this method is enough probes.
Otherwise, CS might have too many false predictions. A
set of twelve well-distributed probes is proved capable to
resolve the three main components in this case, while the
amplitude estimates are not accurate enough.

Table 2 Averaged order magnitudes (mm).

RF 1F 1T

Truth 0.207 0.365 0.036
LSST 0.114 0.418 0.242
NUDFT 0.201 0.451 0.149

CS 0.037 0.218 0.007

CONCLUSIONS
This paper investigated the uncertainties of vibra-

tional parameter recognition based on BTT data. A novel
experimental test bench is built where ‘ground truth’ rotat-
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Figure 12 Spectral analysis of the sub-sampled SV sig-
nal.

ing blade vibrations can be measured. Three algorithms:
LSST, NUDFT, and CS are tested. It is found that LSST
is most suitable for SV signals with high SNR. The fit-
ted amplitude is over 87% accurate even if the designated
EO is 3% biased. For NSV, the tolerance of EO deviation
decreases. NUDFT can resolve the spectrum of all kinds
of signals but the results are heavily aliased. Nonethe-
less, amplitudes at RF and non-synchronous components
are accurate. CS is superior to NUDFT to distinguish the
main components while the estimated amplitudes are too
small. Hence, the advantages of CS and NUDFT can be
combined for better amplitude-frequency estimation.

The challenge of analyzing individual blade vibration
roots in the lack of samples. In this study, twelve probes
are enough to resolve three components in the signal, while
the predicated amplitudes are not satisfactory. In practice,
the authors suggest that as many sensors as possible should
be used to obtain high fidelity results. For blind spectrum
estimation, results from a single method might not be reli-
able. It is better to apply different methods on the same
dataset and cross-validate their outputs. More sophisti-
cated methods are expected in the future.

(a) Truth.

(b) LSST.

(c) NUDFT.

(d) CS.

Figure 13 Time history of order magnitudes.
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