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ABSTRACT
Efficient and accurate Uncertainly Quantification (UQ) is essential for robust design optimization and manufacturing

tolerance control to limit performance deterioration and scattering of compressor blades. Built upon past work, the current
study investigates the applicability of the newly proposed adjoint method based nonlinear model for accurate and efficient
Uncertainly Quantification (UQ) of performance deviations of a transonic compressor blade due to geometric variability.
To demonstrate the advantages of the adjoint method based nonlinear model, two other methods, namely, the adjoint method
based linear model and the high-fidelity computational fluid dynamics method are used to produce reference results. To
keep the computational cost tractable for the high-fidelity method, a section of a transonic compressor blade is taken as the
test case. In order to draw a more general conclusion, UQ analyses are performed for three different performance metrics
(mass flow rate, efficiency and pressure ratio) at two typical operating conditions (the design condition and a near-stall
condition). The accuracy of UQ results by the adjoint method based nonlinear model and its cost time are compared with
those of the other two methods.
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INTRODUCTION
The deviation of manufactured blades from their designed shape is inevitable due to finite manufacturing precision.

In turn the geometric deviation incurs performance deviation from the intended value. The performance deviation consists
of both a shift (usually negative) of the mean and a scattering around it, eventually leading to an overall reduction of the
component performance and even unusable manufactured blades. To limit performance deterioration and scattering, robust
design and/or manufacturing tolerance tailoring are needed. Either approach requires Uncertainty Quantification (UQ) to
assess performance uncertainty accurately.

The Monte Carlo method based on high-fidelity computational fluid dynamics (MC-CFD) analysis (Garzon and Dar-
mofal, 2003) is the most straightforward UQ approach. However, the MC-CFD is prohibitively expensive as the number
of high-fidelity CFD simulations required to achieve adequate accuracy for a UQ analysis is at least in the order of thou-
sands. To reduce computational cost, surrogate models (Wang and Zheng, 2020) and Polynomial Chaos (PC) (Lange et al.,
2012) can be used to approximate the expensive high-fidelity CFD model. Unfortunately, constructing such models itself
usually still requires huge computational resources. A promising approach is to construct linear and quadratic models using
the first- and second-order derivatives computed using the adjoint method. The linear model (Giebmanns et al., 2013) is
computationally-efficient (at the cost of several CFD analyses) to be constructed, but neglects the nonlinearity of the ob-
jective function. The quadratic model (Luo and Liu, 2018) can capture the nonlinearity with second-order accuracy but
incur a computational cost that scales with the dimension of the problem.Very recently, an adjoint method based nonlinear
model(Zhang et al., 2021)(MC-adj-nonlinear) was proposed to capture at least part of the nonlinearity between performance
functional variations and geometric deviations while keeping the computational cost in the same order of that of the adjoint
method based linear model. In this work, UQ analyses are preformed for a section from a three-dimensional transonic com-
pressor blade at the design and near-stall conditions to demonstrate the potential and applicability of the MC-adj-nonlinear
method.

MC WITH THE ADJOINT METHOD BASED NONLINEAR MODEL(MC-adj-nonlinear)
The following section will introduce the theory of the MC-adj-nonlinear (Zhang et al., 2021). This work is based on

an unstructured flow and discrete adjoint solver. The objective function, J, representing mass flow rate, pressure ratio or
efficiency, is expressed as

J= J(W,ααα) (1)

whereW denotes the flow solution and ααα = (α1,α2 . . . . . . ,αM)T is the vector of geometric variables. W and ααα are implicitly
related through the nonlinear residual, R, which always equals zero for a converged flow solution

R(W,ααα) = 0 (2)

With the adjoint method, the sensitivity is calculated as

dJ
dααα

=
∂J
∂ααα

− vT ∂R
∂ααα

(3)

where v is the adjoint variable and can be obtained by solving the adjoint equation(
∂R
∂W

)T

v=
∂J
∂W

T

(4)

From Eq.(3), the objective function change due to a geometry change can be obtained by the integral

J(W0 +∆W,ααα0+∆ααα)−J(W0,ααα0)= : ∆J=
ααα0+∆ααα∫

ααα0

∂J
∂ααα

dααα −
ααα0+∆ααα∫

ααα0

vT ∂R
∂ααα

dααα (5)

Although Eq.(5) is theoretically valid, it needs a large number of computations to evaluate the adjoint solution at various
points from ααα0 to ααα0 +∆ααα . In order to reduce the computational cost, assuming that vT is constant, but allowing ∂J/∂ααα
and ∂R/∂ααα to vary in Eq.(5) yields

∆J≈
ααα0+∆ααα∫

ααα0

∂J
∂ααα

(W0,ααα)dααα − vT (W0,α0)

ααα0+∆ααα∫
ααα0

∂R
∂ααα

(W0,ααα)dααα (6)

Equation (6) can be further written in the following form

∆J≈ J(W0,ααα0 +∆ααα)− J(W0,ααα0)− vT (W0,ααα0) [R(W0,ααα0 +∆ααα)−R(W0,ααα0)] (7)

This is the formula for the MC-adj-nonlinear method.
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By assuming that ∂J/∂ααα and ∂R/∂ααα are constant in the interval [ααα0,ααα0 +∆ααα0] , Eq.(7) may be reduced to

∆J≈ ∆ααα
∂J
∂ααα

∣∣∣∣
W0,ααα0

− vT (W0,ααα0)∆ααα
∂R
∂ααα

∣∣∣∣
W0,ααα0

= ∆ααα
dJ
dααα

∣∣∣∣
W0,ααα0

=
M

∑
i=1

dJ
dαi

∆αi (8)

This is the formula for the MC-adj-linear model (Giebmanns et al., 2013). It can be inferred that there is a range for ∆ααα ,
Eq.(6) is expected to be more accurate than (8). Nevertheless, it needs to be emphasized that we cannot determine the range
before performing numerical experiments when applying the method to a particular problem. Therefore, to demonstrate the
applicability of the MC-adj-nonlinear and draw a more general conclusion, the MC-adj-nonlinear are used to perform UQ
at different conditions with a range of geometric deviation derived from real-life applications.

UNCERTAINTY QUANTIFICATION
This subsection focuses on the UQ of performance changes of a transonic compressor blade section due to blade profile

deviations. The three methods, MC-CFD, MC-adj-linear and MC-adj-nonlinear, are used for UQ at design and near-stall
conditions to demonstrate the advantages of the MC-adj-nonlinear over the other two methods.

Test Case
The test case is a section from a three-dimensional transonic compressor of which the rotation speed is 11990 RPM. A

blade section is used to keep the computational task tractable when the MC-CFD method is used to generate the reference
results. The sectional blade profile is described using the coordinates of 398 points, which are more densely populated
around the blade leading and trailing edges (LE/TE), as shown in Fig.1.

Figure 1 Blade profile and distribution of control points.

The mesh is generated by Autogrid5. The topology is O4H and the total number of cells is 6522. In all CFD anal-
yses, total pressure and temperature of 158885.9 Pa and 330.6 K are specified for the domain inlet, and back pressure of
166420.3 Pa and 178000 Pa are specified for the domain outlet at blade design and near-stall operating conditions, respec-
tively. The computational mesh, the flow solution (in terms of the relative Mach number contours), and the adjoint solution
corresponding to the turbulence model equation with the mass flow rate as the objective function are shown in Fig. 2.

To perform UQ due to geometric variability, the geometric perturbations to the 398 points are prescribed, with a total
of 2899 samples. The prescribed geometric perturbations have a standard deviation of σ0 and mean of E0. E0 and σ0 are
derived from manufactured blades. To describe the correlation between perturbations for neighboring points, some points
on the surface were generated firstly, and then these points were connected using a function of which the first derivative
is continuous. The nominal blade, the average of the perturbed samples and the average plus or minus two times standard
deviation blade are compared in Fig. 3.

Adjoint Sensitivity Verification
In this subsection, a single-mode profile perturbation is chosen for comparing sensitivities between the finite difference

method and the adjoint method. Figure 4 shows the sensitivities of mass flow rate, total pressure ratio and efficiency
calculated by two methods when the perturbation step size is varied in the wide range between 10−8 and 1. As shown on
the right of Fig. 4, when the step size is between 10−5 and 10−4, the relative error of the adjoint sensitivity is less than 0.01
%. The accuracy of the adjoint sensitivity is satisfactory.
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Figure 2 The eddy viscosity adjoint field, grid and relative Mach number contours (bottom to top).

Figure 3 The nominal blade, average blade and the average plus or minus two times standard deviation blade.

UQ of Full Profile Deviation
Figures 5 and 6 present the performance map of the nominal blade, the aerodynamic performance scattering and the

probability distribution functions(PDF) of the samples at design and near-stall conditions obtained by the three methods. It
can be seen that there is a clear positive correlation between the pressure ratio/efficiency and the mass flow rate: when the
mass flow rate increases, the pressure ratio and the efficiency also increase. The PDFs calculated by MC-adj-nonlinear are
in better agreement with those of MC-CFD, while the PDFs obtained by MC-adj-linear lean to the positive side and have
higher peaks.

The scatters at the near-stall condition are larger than those at the design condition. At the design condition, the mass
flow rate varies within the interval of [0.0230,0.0237], and the width of the interval is 0.0007, around 3.1% of the baseline
mass flow rate. At the near-stall condition, the mass flow rate varies within the interval of [0.0201,0.0221], and the width of
the interval is 0.002, around 9.4% of the baseline mass flow rate. At the design condition, the pressure ratio varies within the
interval of [1.408,1.430], and the width of the interval is 0.021, around 1.52% of the baseline pressure ratio. At the near-stall
condition, the pressure ratio varies within the interval of [1.454,1.488], and the width of the interval is 0.0336, around 2.3%
of the baseline pressure ratio. At the design condition, the efficiency varies within the interval of [0.8915,0.9240], and the
width of the interval is 0.03, around 3.6% of the baseline efficiency. At the near-stall condition, the efficiency varies within
the interval of [0.8328,0.9027], and the width of the interval is 0.07, around 7.9% of the baseline efficiency.

Figures 7 and 8 visualize the means and the standard deviations obtained by the three methods at the design and near-
stall conditions with the values of the means listed in table 1. The values of the standard deviations are presented in Fig.
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Figure 4 Comparison of sensitivity between the finite difference method and the adjoint method.

Figure 5 Performance map with PDF of the mass flow rate and pressure ratio obtained by the three methods.

5 and Fig. 6. The MC-adj-nonlinear can predict aerodynamic performance statistics more accurately. Figure 7 reveals
that the MC-adj-nonlinear can also predict the correct trend of aerodynamic performance change, which is critical to a
robust optimization design. The standard deviations obtained by the MC-adj-linear are always smaller than the results of
the MC-adj-nonlinear, indicating the scatter of the performance calculated by the MC-adj-linear is over-optimistic.

Table 2 shows the time cost of performing UQ for this case at design condition using the three methods, and the time
cost ratio of MC-CFD, MC-adj-linear and MC-adj-nonlinear is 136:1:7. The cost of the MC-adj-nonlinear is seven times
that of the MC-adj-linear, which is attributed to the number of samples being roughly seven times the number of geometric
variables in this study.
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Figure 6 Performance map with PDF of the mass flow rate and efficiency obtained by the three methods.

Figure 7 Aerodynamic performance means at the design condition (left) and the near-stall condition (right) by the
three methods.

Table 1 The means obtained by the three methods at the design condition and the near-stall condition

mass flow rate(kg/s) pressure ratio efficiency

the design condition
MC-CFD 0.02342758 1.42006298 0.91066062

MC-adj-linear 0.02345661 1.42070258 0.91205477
MC-adj-nonlinear 0.02343071 1.42003607 0.91110263

the near-stall condition
MC-CFD 0.02160958 1.47622639 0.88205955

MC-adj-linear 0.02168061 1.47747176 0.88446384
MC-adj-nonlinear 0.02161440 1.47612899 0.88241157

CONCLUSIONS
Based on the results of this study, the following conclusions are drawn:
(1) compared with the MC-adj-linear, UQ results predicted by the MC-adj-nonlinear are more accurate, especially for

the near-stall condition, where the nonlinear dependence of performance on geometric variables is stronger.
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Figure 8 Aerodynamic performance standard deviations at the design condition (left) and the near-stall condition
(right) by the three methods.

Table 2 The time cost of the three methods at design condition

Time(min) CFD adjoint grid deformation sum time ratio
MC-CFD 0.539×2899 0 0 1563 136

MC-adj-linear 0.539 0.036×3 0.0273×398(for Eq.8) 11.5 1
MC-adj-nonlinear 0.539 0.036×3 0.0273×2988 (for Eq.7) 80 7

(2) the scatter of the performance deviations at the near-stall condition is wider than that at the design condition.
(3) the time cost of theMC-adj-nonlinear is more than one-order-of-magnitude lower than that of theMC-CFDmethod.
(4) the MC-adj-nonlinear is a good trade-off for UQ between accuracy and time cost.
Future workwill be carried out to explore the efficacy of themethod on three-dimensional turbomachinery components.
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