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ABSTRACT

Renewable electricity-based fuels (electro-fuels) represent a necessary step to achieve the carbon neutrality by 2050.

Hydrogen is the common feedstock of all electro-fuels and an annual production growth of 83% is required to satisfy the

targets of national strategies by 2030. Yet, the cost of the hydrogen supply chain remains the main bottleneck for its rollout.

We developed a framework to study the cost optimal infrastructure design for the production and dispatch of hydrogen to

satisfy the locally distributed demand. With a granularity of 40 km×40 km the economy of scale has only a partial effect,

leading to a limited reduction of the total cost of hydrogen production and distribution. The optimal system design is a

hybrid configuration with concentrated production close to the highest demand point and distribution to the neighbouring

cells. Future work will focus on refining the cost description, increase the granularity of the demand and extend the analysis

to the main electro-fuels.

INTRODUCTION

As part of the strategy to reach the carbon neutrality by 2050, governments are progressively setting ambitious invest-

ments to defossilise the energy system. These actions involve the entire energy supply chain, from a higher penetration of

renewable power production technologies to a shift in end-use technologies which can reduce the dependency from fossil

sources (IRENA, 2020a). Within this scenario, renewable electricity-based fuels (electro-fuels) have gained momentum

as energy carriers which can allow a deep penetration of intermittent renewable production, while defossilising the current

end-use demand through a limited modification of the existing infrastructure (Tremel, 2018).

Each electrofuel is characterised by different advantages and disadvantages depending on its properties in relation to

the specific end-use application (Dias et al., 2020). Hydrogen represents the common feedstock in their production processes

and is the ideal energy carrier for large scale and long term storage, while being potentially usable to satisfy a wide range

of end-use demands. Yet, the cost of production and distribution of this molecule remains the bottleneck for its penetration

which is heavily hindered by the simultaneous lack of demand and supply, generally addressed as the “chicken and egg”

problem.

Among the costs of the transition, the investments related to the installation of hydrogen production facilities and the

distribution to the demand points can be minimized based on strategic infrastructure planning. At a high level, the question

of optimal infrastructure design can be represented by the dichotomy between centralised and distributed system. However,

a high number of geography-dependent factors affect the definition of the minimum cost infrastructure (IRENA, 2018).

Among them we highlight: (i) the local availability of excess renewable electricity to be stored; (ii) the sizing and rooting

of the production facilities; (iii) the local distribution of demand.

Geographically explicit optimisation models have been widely developed at a regional and national scale to take into

account these factors (Li et al., 2019). In this framework, three different formulations have been employed to solve the
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hydrogen supply chain optimisation problem (Robles et al., 2018): (i) linear programming; (ii) dynamic programming; (iii)

nonlinear programming.

Linear optimisation is the most frequently used technique to model the supply chain problem either based on linear

programming (LP) or mixed-integers linear programming (MILP). MILP models allow to tackle a wide variety of prob-

lems by including nonlinearities through the introduction of auxiliary integer variables. Despite the linearisation generally

introduces small approximation errors, the use of binary variables affect the computational cost of the solver and make the

application to large scale problems a hurdle.

Dynamic programming is mainly used at a theoretical level due to the exponential growth of the size of the state space in

supply chain systems. Exceptions include problems whose structure allows the application of the principle of decomposition

which reduces the problem tractability to polynomial time (Christou, 2011).

Nonlinear programming is characterised by the presence of nonlinearities in the objective function and the constraints,

It can be solved either through a deterministic (MINLP) (Bussieck et al., 2003) or a stochastic approach (Hoos and Stützle,

2005). Despite the fast progress of MINLP solvers in the recent years, their stage of maturity is still low compared to

MILP methods and allows only an application to limited scales of problem. On the contrary, stochastic approaches allow

to tackle large scale problems, at the expense of not guaranteeing the global optimum in the solution. Within this category,

metaheuristic algorithms in particular are rarely used in supply chain design due to the need of adapting the formulation of

the method to the enforcement of the linear and equality constraints (Robles et al., 2018).

With the sake of describing nonlinear behaviours and with the target of tackling a large-scale problem we introduce a

hybrid formulation (Ninomiya, 2009; Chitty and Hernandez, 2004; Holden and Freitas, 2005) which combines a stochastic

and a linear optimisation method. This approach aims at exploiting the exploration advantages of the stochastic algorithm in

large scale problems, while leveraging on the fast local convergence of linear programming. The optimal supply chain design

is formulated as a canonical location-allocation combinatorial problem (Azarmand and Neishabouri, 2009), but combined

with the distribution network design. Based on this reasoning, the model is split into two distinct parts: (i) the location,

namely the definition of the number of facilities, their location and sizing; (ii) the allocation, namely the assignment of the

demand points to the located facilities connected through the distribution network. The hybrid formulation is expected to

facilitate the finding of the global optimum (Prakash and Khatod, 2016), by limiting the impact of the stochasticity to the

solution of the location part. For any combination of facility sizes and rooting found (location), the linear solver always

provides the optimal distribution design (allocation). The nonlinearities of the problem are handled in the location step

without any approximation or auxiliary variable, while the allocation only deals with the linear relationships of demand

assignment and distribution sizing. A novel formulation of the proposed stochastic method is introduced in order to avoid

any relaxation of the energy balance constraint.

We developed the hybrid method in Python by combining our own implementation of ant colony optimisation (ACO)

and the existing package Pyhton-MIP. Among the family of stochastic methods, ACO proved to have advantage compared

to other metaheuristics over a large class of NP-hard combinatorial problems (Dorigo et al., 2004). In particular, ACO

outperformed a genetic algorithm in the solution of the location-allocation problem with unknown number of facilities

(Arnaout, 2013). With respect to the local solver, Pyhton-MIP was chosen as the fastest open source package for the

solution of Mixed-Integer Linear Programming problems (MILPs) (Haroldo G. Santos and Toffolo, 2019) and its direct

interface with the widely used commercial optimisation solver Gurobi.

This paper is organised as follows. The “Methodology” section describes the developed hybrid optimisation framework

based on the combination of ant colony optimisation and a local optimisation algorithm. The “Results and discussion”

section shows the application of themodel to the Belgian energy system for themobility demand. “Conclusions” summarises

the main findings and defines the perspectives in terms of development of the model.

METHODOLOGY

This paper tackles the problem of infrastructure planning as a discrete location-allocation combinatorial optimisation

problem. Details of the algorithm developed for the solution of the location and allocation subproblems are presented in

Appendix A.

The model of the complete location-allocation problem is formulated as an integer programming model (IP) based on

the minimisation of the total cost as single objective function:

min ∑
(i, j)∈G

[Spi, j cprod(Spi, j)+(Sf i, jL
f
i, j +Sgi, jL

g
i, j +Shi, jLh

i, j +Ski, jLk
i, j) cdistr], (1)

where the decision variables are:

• Spi, j: [kW] installed capacity associated to the production facility at location (i, j) in the domain,

• Sf i, j, Sgi, j: [kW] installed capacity associated to the distribution technology in the horizontal and vertical directions,

• Shi, j, Ski, j: [kW] installed capacity associated to the distribution technology in the two diagonal directions,
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the input data are:

• cprod(x) ∈ R: [€/kW] CapEx of the production facility depending on the facility size x ([kW]),

• cdistr ∈ R: [€/kW/m] CapEx of the distribution technology,

• Lλ
i, j ∈ R: [m] euclidean distance between the centroids of the cell (i, j) according to the direction of flux λ (λ ∈
{ f ,g,h,k}) based on space coordinates,

and G refers to the discretised domain in 2D whose single cells are indicated with the subscripts (i, j).
The main constraint of the model is the energy balance to be satisfied at each grid cell:

pi, j + fi, j +gi, j +hi, j + ki, j = di, j ∀ (i, j) ∈ G. (2)

The equation includes the following decision variables:

• pi, j: [kWh] energy produced at location (i, j) in the domain,

• fi, j, gi, j: [kWh] energy fluxes associated to the distribution in the horizontal and vertical directions,

• hi, j, ki, j: [kWh] energy fluxes associated to the distribution in the two diagonal directions.

Furthermore, Eq. (2) includes the main exogenous parameter of the model:

• di, j ∈ Z [MWh] energy demand at each grid point.

The energy fluxes are limited by the installed capacity through the following constraints:

pi, j = Spi, jT ∀ (i, j) ∈ G, (3)

| fi, j|, |gi, j|, |hi, j|, |ki, j| ≤ (Sf i, jT ),(Sgi, jT ),(Shi, jT ),(Ski, jT ) ∀ (i, j) ∈ G, (4)

where the energy produced and the energy fluxes are related to the installed capacity through the production period T , equal
to 1 hour for the purpose of this study. The limitation to a single hour is due to computational convenience and the respective

demand is computed as hourly average over the year. The impact on the results is a smaller capacity design compared to

the hourly resolution over the entire year. The presence of an equality in Eq. 3 is justified by the current implementation

for T = 1.
Finally, the domain of the decision variables related to the capacities installed are defined as:

0≤ Spi, j ≤U ∀ (i, j) ∈ G, (5)

0≤ S fi, j,Sgi, j,Shi, j,Ski, j ≤V ∀ (i, j) ∈ G, (6)

Sp, Sf, Sg, Sh, Sk ∈ Z(n0×n1), (7)

p, f, g, h, k ∈ Z(n0×n1), (8)

with:

• n0 ∈ N: number of cells in the first dimension of domain G,

• n1 ∈ N: number of cells in the second dimension of domain G,

• U = 1
T ∑(i, j)∈G Di, j: [kW] maximum capacity size for the production technology,

• V = 1
T ∑(i, j)∈G Di, j: [kW] maximum capacity size for the distribution technology.

The values of U and V are based on the extreme case of fully centralised production and distribution. The cost function,

which represents the total cost of the supply chain design, can be expressed as:

ctot = cprod,tot + cdistr,tot, (9)

where:

• cprod,tot = ∑(i, j)∈G[Spi, j cprod(Spi, j)]: [€] total cost of facility design and location,

• cdistr,tot = ∑(i, j)∈G[(Sf i, jL
f
i, j + Sgi, jL

g
i, j + Shi, jLh

i, j + Ski, j,Lk
i, j) cdistr]: [€] total cost of distribution from facilities to

demand points.
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RESULTS AND DISCUSSION

The developed model is applied to Belgium, characterised by an area of 30689 km2 and a population of 11.5 million

in 2019.

H2 demand

The hydrogen demand considered in the study is defined from the assumption of a full conversion of the current energy

demand related to gasoline and diesel vehicles to hydrogen fueled vehicles. The objective of this study is to use GIS data

whose geographical distribution is determined based on the population density. Future studies might include the hydrogen

demand associated to other end-uses like industry, maritime transportation and aviation. Data distribution is based on the

population density:

Di, j = q oi, j, (10)

where:

• oi, j: [p] population distribution in 2019 projected in UTM coordinate system and discretised over a regular grid of

40 km×40 km (WorldPop, 2020),

• q: [MWh/p/h] per capita average energy consumption derived from motor gasoline and gasoil/diesel in Belgium.

The estimation of the average energy consumption is computed as:

q = (
Eg

rgLHVg
+

Ed

rdLHVd
)(

rH2LHVH2

8760
), (11)

with:

• Eg, Ed: [MWh] energy usage for road transport in Belgium associated to gasoline and diesel demand (Statbel, 2019),

• rg , rd, rH2: [kg/km] fuel economy for gasoline, diesel and hydrogen cars (IEA, 2019),

• LHVg, LHVd, LHVH2 : [MWh/kg] lower heating value of gasoline, diesel and hydrogen.

The total hydrogen demand at a Belgian scale, input of the presented model is dtot = 5221 MWh with dtot = ∑(i, j)∈G di, j.

The space distribution of hydrogen demand presented in Fig. 1 has been computed based on the data provided in WGS84

coordinate system with a resolution of 30 arc seconds after conversion to the UTM system. To reduce the dimensionality

of the problem, data have been aggregated with grid cells of 40 km×40 km. A few grid cells can be easily distinguished

for the higher concentration of hydrogen demand. As expected, the highest demand is associated to the cells of Brussels

(C) and Antwerp (B), followed by the cells where Liege (D), Charleroi (E) and Ghent (A) sit.

Figure 1 Estimated hydrogen demand distribution for private vehicles in Belgium with grid size 40 km× 40 km in

UTM coordinate system. Cells with the highest demand include the major cities in Belgium.
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H2 production

One technology has been considered for the production of hydrogen: the Proton Exchange Membrane electrolyser.

With reference to the variables previously introduced, the cost of installation for the PEM electrolyser is described as:

cprod(Spi, j) = cPEM(
Spi, j

ηPEM
), (12)

where:

• cPEM(x): [€/kW] spline interpolation of CapEx cost curve of PEM electrolyser as a function of power input (IRENA,

2020b). Extrapolated values are assumed equal to the CapEx for the maximum power input in the domain,

• ηPEM: average efficiency of PEM electrolyser (Carmo et al., 2013).

The use of an interpolated curve from real data introduces a nonlinearity in the formulation of the objective function, which

is handled by ACO as part of the location problem.

Optimal design

Fig. 2 presents the optimal production and distribution design to satisfy the average demand of hydrogen presented in

Fig. 1. We can notice that the output configuration is a hybrid between a distributed and concentrated production. This

result is justified by a limited impact of the economy of scale, which has no effect for capacities larger than 74 MW. The

limited effect of the economy of scale is reflected in a small reduction of the total cost of the system which is around 2%

compared to the case of a fully distributed infrastructure design.

Figure 2 Optimal hydrogen supply to satisfy the discretised demand in Belgium. Production facilities concentrate

around the nodes with the highest demand. Green circles refer to the size of the production facilities, red connec-

tions represent the distribution network.

The centralised production close to the main demand points represents more than 50% of the total demand and fully

covers the the three highly populated cells. In the current version, the model is “uncapacitated” (with maximum allowed

capacity based on dtot, not on real technologies’ size), both in terms of power plants and pipeline capacities. In a refined

version of the model, the maximum capacity allowed for pipelines will be limited. The expected impact on the infrastructure

design is a higher tendency towards decentralization.

To test the quality of the optimal solution, a different distribution of supply was considered in terms of facility sizes

and location. The underlying assumption is that the optimal configuration might be defined by the largest facility being sat

on the cell with the largest demand. The new supply distribution was created by swapping the facility sizes in the cell with

the largest size and the cell with the highest demand. By solving the allocation problem with this new exogenous supply,

we obtain the optimal configuration reported in Fig 3.

In this case the total cost results to be slightly lower than the solution found. Having the facilities exactly the same

size, the modification only affects the distribution configuration and the associated cost. The difference in cost is equal

to 27000 €, which is less than 0.002% of the total cost. Despite this verification suggests that the solution found is an

approximate solution, the limited impact on the cost underlines the closeness to the global optimum.

The convergence rate of ACO, presented in Fig 4, is characterised by a steep exploration in the first phase: 75% of

quality increase in the first 500 iterations. Afterwards, the exploration rate decreases leading to the last 25% increase in

quality which requires 2.5 times the iterations needed in the first phase.
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Figure 3 Hydrogen supply chain derived from solution presented in Fig. 2. In this configuration there is a reduction

in total cost, associated to a different distribution configuration. Green circles refer to the size of the production

facilities, red connections represent the distribution network.

Figure 4 Objective function variation with respect to the cost at convergence.

CONCLUSIONS

In this paper we introduced a novel methodology to design the optimal hydrogen supply chain, modelled as a discrete

combinatorial location-allocation problem. The model is solved with a hybrid algorithm which exploits the advantages of

a global optimisation method like ant colony optimisation and a local solver. The two algorithms deal respectively with

nonlinearities in large scale problems and with an efficient solution of integer programming problems in the absence of

binary variables.

The model was applied to the design of the hydrogen supply chain in Belgium. The hydrogen demand distribution for

mobility was estimated under the assumption of a full conversion of the current demand. The cost curve and the performance

of PEM electrolysers were implemented by taking into consideration the economy of scale related to the balance of plant

of the modules. Constant marginal costs for pipeline design were considered.

The result of the optimisation is a hybrid configuration with more than 50% of the total demand produced in a single

location close to the cells with the highest demand concentrations. The economy of scale has only a partial effect on cost

reduction, with only a 2% decrease compared to the fully distributed system.

Despite the presented methodology proved to solve the typical NP-hard problem of location-allocation, alternative

implementations of ant colony optimisation can be advantageous in terms of time of convergence and avoidance of local

minima. Next steps will include a comparison of the presented ACO in the elitist form with ACO in the MIN-MAX

implementation. Furthermore, more technologies will be implemented in order to assess the optimal supply chain for the

production of a higher number of electro-fuels having H2 as feedstock: synthetic natural gas (SNG), ammonia (NH3) and

methanol (CH3OH). Demand of hydrogen will be associated not only to mobility, but also to industry. Finally, this study

will be complemented with a robust optimisation of the supply chain by taking into consideration the uncertainty in the

demand and a multi-objective implementation to allow the minimisation of both cost and carbon intensity.
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NOMENCLATURE

Abbreviations

• LP: Linear Programming

• IP: Integer Programming

• MILP: Mixed-Integer Linear Programming

• MINLP: Mixed-Integer Non Linear Programming

• ACO: Ant Colony Optimisation

• NP-hard: non-deterministic polynomial-time hard

• CapEx: Capital Expenditures

• UTM: Universal Transverse Mercator

• WGS84: World Geodetic System 1984

• PEM: Protone Exchange Membrane

Symbols

• c: cost of installation of production facilities [€/kW]

or distribution technologies [€/kW]

• d: energy demand [kWh]

• E: energy usage for road transport [MWh]

• f : energy distributed in horizontal direction [kWh]

• G: grid domain

• g: energy distributed in vertical direction [kWh]

• h: energy distributed in first diagonal direction

[kWh]

• k: energy distributed in second diagonal direction

[kWh]

• L: euclidean distance between the centroids of two

cells in space coordinates

• Sp: size of production technology [kW]

• Sf : size of distribution technology in horizontal di-
rection [kW]

• Sg: size of distribution technology in vertical direc-
tion [kW]

• Sh: size of distribution technology in first diagonal

direction [kW]

• Sk: size of distribution technology in second diago-
nal direction [kW]

• n: size of one dimension of the domain

• o: population distribution [p]

• p: energy produced by a single facility [kWh]

• q: average energy consumption [MWh/p/h]

• r: fuel economy [kg/km]

• T : operational time [h]

• LHV : Lower Heating Value [MWh/kg]

• η : conversion efficiency

Subscripts and superscripts

• d: diesel

• distr: distribution

• g: gasoline

• prod: production

• tot: total
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APPENDIX A

In the following, details are provided on the implementation of the algorithms used for the solution of the location-

allocation problem. The appendix is completed with the methodology followed for the tuning of the hyper-parameters of

the ant colony optimisation algorithm described in “Location subproblem”.

Location subproblem

The location subproblem includes the definition of the number of facilities, its sizing and space rooting. The problem

is characterised by the presence of nonlinearities related to the CapEx of the production technology which directly affect

the optimal design through the sizing of the facilities. With respect to Eq. (1) and (9), the output of the location subproblem

is the definition of pi, j ∀ (i, j) ∈ G and cprod,tot.

In order to include nonlinearities without adding auxiliary variables and designing an algorithm which could tackle

large scale problems, the location subproblem is solved with the use of a population-based stochastic optimisation algorithm:

the ant colony optimisation (ACO). We propose a formulation of ACO based on the typical pheromone trail, adapted to the

problem of facility sizing and rooting.

Based on the maximum production capacityU introduced in Eq. 5, we define the tensor of potential solutions, indicated

with S, which is a n0×n1×nc tensor of integer values (Eq. 13). Any solution of the location subproblem can be represented

as a matrix of n0×n1 elements of S, which corresponds to the decision variable Sp in Eq. 1. The superscript k is introduced
to indicate that Spk is a potential solution for Sp, associated to ant k (Eq. 14):

Si, j = [0, ...,U ]T , (13)

Spk =

 Spk
0,0 ... Spk

0,n1
... ... ...

Spk
n0,0 ... Spk

n0,n1

 . (14)

With respect to the decision variable p introduced in the complete model, pk = SpkT is a candidate solution for the energy

produced according to Eq. 3, associated to ant k.
The pheromone tensor is defined according to the tensor of potential solutions as:

τττ
k
i, j = [τk

i, j,0, ...,τ
k
i, j,nc ]

T . (15)

First, the pheromone tensor is initialised with a uniform pheromone distribution (τ0). At each iteration ants modify the

pheromone tensor based on the pheromone trail through:

∆∆∆τττ
k
i, j = [∆τ

k
i, j,0, ...,∆τ

k
i, j,nc ]

T , (16)

∆τ
k
i, j,l =

{
Q/ck

tot if Si, j,l is chosen by ant k,

0 else,
(17)

where:

• Q ∈ R: rate of pheromone deposition,

• ck
tot: total cost of the supply chain design associated to the solution built by ant k. The cost is computed after the

solution of the allocation subproblem.

At each iteration, every ant progressively defines the pheromone trail by selecting one location and one capacity value

per location from the array of possibilities. Based on the introduced notation, this means choosing one location (i, j) ∈ G
and one value Spi, j from the array of available capacities Si, j in Eq. (13). Once the choice is done for all the locations, the

decision variable Spk
i, j in Eq. (14) is defined. It must be noticed that the choice of the location is a stochastic process and to

avoid the selection of the same location multiple times a memory of the pheromone trail is introduced for each ant, defined

as φ k. The stochastic process of decision for each ant depends on the given probability distribution, which is modified at the

end of each iteration through the pheromone deposition ∆∆∆τττk as from Eq. (17). Since the quantity of pheromone is affected

by the total cost of the solution, ants’ decision is progressively biased towards higher quality solutions. The probability

distribution is defined as:

πi, j,l =
τα

i, j,l µ
β

i, j,l

∑(i, j)/∈φ k(τα
i, j,l µ

β

i, j,l)
, (18)

where:
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• τi, j,l : pheromone deposited on element Si, j,l of the tensor of potential solutions,

• µi, j,l : heuristic factor defined in the following,

• φ : pheromone trail memory which stores the locations previously visited by each ant,

• α , β : hyper-parameters affecting the weight of the pheromone deposited compared to the heuristic factor.

The heuristic factor of the probability is introduced to facilitate ants’ choices towards higher quality solutions. It’s

based on assumptions about the nature of the optimal solution. In this case, the heuristic factor was defined according to

the Euclidean space distance between the centroids of the last chosen cell and any cell among the available options:

µi, j,l =
√
(xi, j,l− xlc

i, j,l)
2 +(yi, j,l− ylc

i, j,l)
2, (19)

where:

• (xi, j,l ,yi, j,l) are the spatial coordinates associated to the grid cell (i, j) ∈ G for the element l in the tensor of potential
solutions Si, j,l ,

• (xlc
i, j,l ,y

lc
i, j,l) are the spatial coordinates associated to the last element in the memory of the pheromone trail φ for the

element l in the tensor of potential solutions Si, j,l .

The choice is supported by the assumption that optimal facilities are either larger in size or located far from each other to

maximize the coverage of demand points at the minimum distribution cost. Due to the impossibility of defining a distance

relative to a location before the ant has made any choice, a different definition of probability is used at the initialisation of

the pheromone trail:

πi, j,l =
τα

0

∑i, j,l τα
0

. (20)

The reader can easily realise that for the first iteration this formulation is equivalent to initialise the pheromone trail of each

ant with a random choice inferred from a uniform probability distribution.

So far, we have described the pheromone trail development as completely independent from the constraints of the

model, and in particular from the energy conservation in Eq. (2). However, independently of the allocation subproblem,

the total amount of energy supplied by the facilities has to be equal to the total demand in the domain. To enforce this

constraint, the choices at each step of the pheromone trail development should not only be limited in terms of locations by

the pheromone trail memory φ k, but also in terms of capacities. Consequently, we introduce an upper bound in capacity

selection based on:

Si, j,l |max = ∑
i, j

di, j− ∑
(i, j) ∈φ k

Spk
i, j . (21)

The upper bound in capacity guarantees that the supply is never larger than the total demand to be satisfied. To ensure that

all demand points are satisfied, the same constraint is also enforced as lower bound in the last step of the pheromone trail

development:

Si, j,l |min = ∑
i, j

di, j− ∑
(i, j) ∈φ k

Spk
i, j . (22)

Once the pheromone trail is completed, the facility size for all the grid points and the associated ck
prod,tot are defined. The

solution of the allocation problem based on the facilities found leads to ck
distr,tot which determines ck

tot according to Eq. (9).

Based on Eq. (17), the pheromone deposition is updated in the elitist variation of ACO:

τi, j,l ← (1−ρ) τi, j,l +∑
k

∆τ
k
i, j,l + e ∆τ

bs
i, j,l , (23)

with:

• ρ: coefficient of pheromone evaporation,

• e: number of elitist ants,

• ∆τbs
i, j,l : pheromone deposition of the best-so-far solution.
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Allocation subproblem

The allocation of the facilities to the demand points and the design of the distribution is assigned to a local optimiser

which handles this smaller part of the problem efficiently, with small dependence on the scale of application. With respect

to Eq. (1), the output of the location subproblem consists in the definition of cdistr,tot and the assignment of the decision

variables related to the energy fluxes (f, g, h, k), given by the facility size at each grid point found in the location subproblem

(p). The implicit outcome is the assignment of each demand point to a facility. Under the assumption that the global optimum

is always achieved in the allocation subproblem, the optimality of the solution of the complete problem only depends on

the quality of the solution in the location subproblem.

The model of the problem solved at this stage can be easily inferred from Eq. (1), with the exception of a variation of

the objective function as:

min ∑
(i, j)∈G

[(Sf i, j +Sgi, j +Shi, j +Ski, j)cdistr]. (24)

It should be noticed that the lack of non-linearities and binary variables in the formulationmakes this subproblem particularly

easy to solve. Constraints remain unchanged, with the exception of pi, j which isn’t anymore a decision variable of the

model, but it directly depends from the ants’ trail. Indeed, despite not introduced in the notation, it must be noticed that the

allocation subproblem is solved for every potential solution pk found in the location subproblem.

The coupled solution of the location and allocation subproblems allows to compute the quality of the solution of the

complete problem, coherently with Eq. 9:

ck
tot = ck

prod,tot + ck
distr,tot (25)

As anticipated, the total cost directly affects the pheromone deposition of the location problem through Eq. 17. Bymodifying

the probability distribution, which depends on the pheromone deposition (Eq. 18), ants’ decisions are biased towards higher

quality solutions.

Parameters tuning

Metaheursitic optimisation algorithms are characterised by the need of tuning a set of hyper-parameters by testing the

performance of the algorithm over a large number of cases. For ant colony in the elitist variation, there are a total of six

parameters to be tuned. The role of each parameter is detailed in the following:

• m: number of ants which develop a pheromone trail and corresponds to the number of objective function evaluations

per iteration

• e: coefficient which amplifies the pheromone deposition from the best-so-far solution compared to the pheromone

deposition of the solutions found at the current iteration

• ρ: evaporation rate which reduces the impact of pheromone deposited during the previous iterations

• α , β : coefficients which define the weight that the deposited pheromone should have compared to the heuristic factor

• τ0: value of pheromone deposition used to initialize the pheromone tensor

For any set of parameters a total of ten tests are run to account for the stochastic nature of the algorithm. All the tests are

run under the same randomly distributed demand within the range [0,10] over a grid of 3× 3 grid points. The number of

evaluations of the objective function is fixed for each set of experiments in order to select the hyper-parameters which lead

to the most accurate and efficient computation, independently of the convergence criterion. The number of evaluations is

defined by the product of the number of ants (m) and the number of iterations. Results are compared to the globally optimal

solution of the same problem, formulated as Mixed Integer Linear Programming (MILP) problem and solved with a local

optimiser.

The analysis of the parameters is carried out in three steps by considering the different impact on the performance of

the algorithm. First, the number of ants (m) and the number of elitists (e) is chosen by exploring the average performance of

the tests over the set of experiments with m = [10,20,50,100,200] and e = [1,5,10,20,50]. Among the cases in which the

global optimum was reached with no deviation among tests, e = 5 and m = 50 were chosen based on the minimum number

of evaluations required to find the optimum. As a second step, ρ , α and β are chosen based on a design of experiment

with ρ = [0.1,0.3,0.5,0.7,0.9], α = β = [0.1,0.5,1,1.5,2]. ρ = 0.3, α = 1, β = 0.1 were chosen as single case with no

deviation from the optimum among the tests. In the third step, the initial pheromone (τ0) and the rate of deposition (Q) are

chosen within the set τ0 = Q = [1,50,100,200,500]. τ0 = 1 , Q = 500 were selected based on the shortest convergence

among the cases whose entire set of tests reached the global optimum.

As a result, the following set of hyper-parameters are used in the case study presented: e = 5, m = 50, α = 1, β = 0.1,
τ0 = 1, Q = 500.
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