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ABSTRACT 

Studies on liquid jet breakup and spray formation in swirling cross flows is of great significance to the combustors of 

gas turbine engines. In this study, hybrid Eulerian-Lagrangian method is utilized for themodelling of liquid jet atomization, 

which combines the Volume-of-Fluid (VOF) scheme to capture the gas-liquid interface, and a Lagrangian droplet tracking 

method to resolve the secondary breakup and the dilute spray cloud. Adaptive mesh refinement (AMR) scheme is adopted 

to refine mesh points around the gas-liquid interface, to save the computational cost appreciably. The liquid jet of fuel 

(Kerosene) is injected radially outwards into the non-swirling and swirling air crossflow from the inner tube of the annular 

computational domain. The transient multi-mode breakup process of the fuel jet, such as shear break up, bag formation, 

ligament and droplet formation, has been analyzed. The effect of swirl on the penetration of the fuel jet is compared with 

the empirical models. The size distribution of droplets is statistically compared under different swirling conditions. 

INTRODUCTION 

Breakup and atomization of liquid fuel jets in cross-flowing gas stream is essential to the performance of combustors 

encountered in gas turbines. The spatio-temporal dispersion of the liquid fuel and the mixing of fuel-air controls the 

efficiency, stability, noise, and emission of the combustor. Liquid jet breakup in the crossflow stream is a complex process 

that involves the development of instabilities on the liquid surface, and the shedding of ligaments and drops from the 

injected liquid column, which has been the subject of numerous experimental and computational studies(Wu et al., 1997; 

Rana and Herrmann, 2011). Most of the previous studies reported, the liquid jet was injected from a flat surface into a 

uniform crossflowing air stream. In a non-uniform crossflow, especially in a swirling crossflow as utilized in gas turbine 

combustors(Tan, 2019), the three-dimensional nature of the crossflow can have obvious effect on the liquid jet behavior. 

Understanding of the spray processes occurring in annular swirling cross flow has been extremely limited and needs to be 

further explored.  

Experimental studies on liquid jet in swirling crossflow (LJISC) are still quite limited. Tambe (Tambe, 2010) 

conducted experimental studies on the three-dimensional penetration of the liquid jets and the velocity distribution, while 

the liquid jets are injected transversely into the swirling crossflows. It has been found that a higher radial penetration is 

caused by increasing the momentum flux ratio. And the radial penetration is reduced with the increase of the the swirl 

angle, which also increased the circumferential penetration. Kumar et al. (Kumar et al., 2015) experimentally studied the 

breakup of liquid jet in an annular passage in the cross flowing air stream. Sikroria et al.(Sikroria et al., 2014) 

experimentally investigated the liquid jet atomization in the cross-flowing air stream under the influence of swirl (swirl 

number, SN = 0 and 0.2) at Mach number 0.12. The two-phase flow is complex and details of the dense spray in the 

immediate vicinity of the nozzle outlet are hard to extract, especially for the three dimensional spray in swirling flow.   

High-fidelity simulations adopting interface tracking schemes promise to be an alternative approach to predict 

atomization. It is well established that the liquid-gas flow relevant to sprays could be well described by the Navier-Stokes 

equations with source terms of surface tension at the interface. In previous studies, various numerical schemes have been 
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proposed to track the gas-liquid interface evolution, such as the Volume-of-Fluid (VOF)(Hirt and Nichols, 1981), Level-

Set (LS)(Sussman et al., 1994), and Front-Tracking methods(Sussman et al., 1994). Adopting these numerical schemes, 

direct numerical simulations (DNS) of gas-liquid flows with complicate interfaces can be performed, as recently reviewed 

by Luo et al. (Luo et al., 2019). Recently, Prakash et al.(Prakash et al., 2019) conducted VOF-based detailed numerical 

simulations of a liquid jet transversely injected into a swirling cross-flowing gas stream. The primary features of the jet 

breakup involving jet flattening, surface waves and stripping of droplets from the liquid jet are captured. The effects of 

swirl on jet penetration, liquid column breakup, droplet size and velocity distribution, are discussed.  

Modeling and simulation of the complete procedure of atomization is quite challenging due to the involvement of a 

wide spectrum of length scales, which can vary from the size of the jet (several cm) to the diameter of the smallest droplets 

(submicrons). Detailed simulations tracking the gas-liquid interface are thus limited to the primary atomization process. To 

resolve the complete atomization procedure, several pioneering efforts have been made to combine the Lagrangian particle 

tracking (LPT) model with the gas-liquid interface-capturing schemes such as LS(Herrmann, 2010) and VOF(Tomar et al., 

2010). To accurately track the disperseddroplets and the backward effect to the carrier phase, physical models are required 

to calculate the instantaneous force acting on the droplets. Ling et al.(Ling et al., 2015) proposed a multiscale multiphase 

flow solver for liquid atomization simulations, where the gas-liquid interfaces are resolved by the VOF method and the 

small droplets are tracked by the LPT model, which has been implemented in the PARIS-Simulator. Ling et al.(Ling et al., 

2019) conducted DNS of a two-phase mixing layer between parallel gas and liquid streamswith turbulent inflow effects. 

Wen et al.(Wen et al., 2020) studied the atomization-evaporation process of liquid fuel jet spray very close to the nozzle 

in crossflows. Li et al.(Li et al., 2014) investigated the liquid fuel breakup and the subsequent droplet dispersion in a 

swirling air stream generated by a multi-nozzle/swirler unit. The gas-liquid interface is captured by a coupled level set and 

volume of fluid (CLSVOF) approach. 

In the present study, to further explore the detailed atomization process in swirling crossflow, the liquid jet of fuel 

injected radially outwards into the swirling air crossflow is investigated using the hybrid Eulerian-Lagrangian simulations. 

The transient multi-mode breakup process of the liquid fuel jet, the spray penetration and the dispersion of the spray droplets 

are analyzed and compared with that in non-swirling crossflow. 

PHYSICAL CONFIGURATION AND NUMERICAL SET-UP 

Physical problem 

The physical problem involves a liquid fuel jet transversely injected into the swirling crossflow in an annular domain, 

as shown in Fig. 1. The length of the computational domain is set to 60 D to capture the complete process of atomization, 

where D is the diameter of the liquid jet at the injector, D = 0.25 mm. The liquid jet is set at 10 D downstream from the gas 

inlet. The radius of the inner tube of the annulus is 10 D, and the outer is 30 D.  

 

Figure 1 Liquid fuel jet injected into the swirling crossflow in an annular domain 

The crossflow velocity profile used in the simulation is set as 𝑈𝑔 = 𝑈(𝑖 + 𝑆𝑁𝑧𝑗 − 𝑆𝑁𝑦𝑘)(Prakash et al., 2019), where 

i is along the axial direction, and j and k are the orthonormal Cartesian coordinates in the plane perpendicular to the axial 

direction. 𝑈 is set as 26.8 m/s. SN is swirl number SN = 𝐺𝜃 𝑅𝐺𝑥⁄ , which is set as the ratio of axial flux of the tangential 

momentum to that of the axial momentum. 𝐺𝜃 = ∫ 𝜌𝑔𝑢𝑣𝑟2𝑑𝑟
𝑅2

𝑅1
, 𝐺𝑥 = ∫ 𝜌𝑔𝑢2𝑟𝑑𝑟

𝑅2

𝑅1
, the two radii of the annulus domain 

are represented by 𝑅1 and 𝑅2, 𝑢 is the axial component and 𝑣 is the azimuthal component of the gas velocity. The 

liquid jet is radially outwards injected from the inner annular tube with a plug velocity profile. The liquid velocity is set as 

𝑈𝑙 = 12.4 𝑚/𝑠 and the liquid-to-gas momentum-flux ratio =  𝜌𝑙𝑈𝑙
2 𝜌𝑔𝑈𝑔

2⁄  , is 5.262. 𝑈𝑔 and 𝑈𝑙 are the inlet velocity, 

𝜌𝑔 and 𝜌𝑙 are density for gas and liquid, respectively. Weber number is 206, 𝑊𝑒𝑔 = 𝜌𝑔𝑈𝑔
2𝐷 𝜎⁄ , where σ is the surface 

tension. Gas Reynolds number is 11700, 𝑅𝑒𝑔 = 𝜌𝑔𝑈𝑔𝐷 𝜇𝑔⁄ , where 𝜇𝑔 is the gas viscosity. Liquid Reynolds number is 

916, 𝑅𝑒𝑙 = 𝜌𝑙𝑈𝑙𝐷 𝜇𝑙⁄ . The physical properties of liquid fuel and gas are listed in Table 1.  
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The Hinze scales 𝜂𝐻 estimated by 𝜎 (𝜌𝑔𝑈𝑔
2)⁄  is 1.21 μm. Note that the effects of turbulence on liquid atomization 

were excluded and the present study focused on liquid atomization mainly due to aerodynamic forces, similar with previous 

works(Prakash et al., 2019). While inlet turbulence is suppressed, the smallest relevant flow scales are generated at the gas-

liquid interface by instabilities. The grid size is minimized as 1.56 μm using the adaptive mesh refinement (AMR), which 

is comparable with the estimated Hinze scale and fine enough to capture the liquid breakup behavior(Wen et al., 2020). 

Table 1 is the physical properties of liquid fuel and gas 

Physical properties 

Liquid fuel Kerosene 

Gas Air 

Liquid nozzle diameter, D (mm) 0.25 

Liquid jet velocity, 𝑈𝑙(m/s) 12.4 

Liquid viscosity, 𝜇𝑙 (Pa s) 2.87e-3 

Liquid density, 𝜌𝑙 (kg/m3) 848 

Gas velocity, 𝑈𝑔(m/s) 26.8 

Gas viscosity, 𝜇𝑔 (Pa s) 1.97e-5 

Gas density, 𝜌𝑔 (kg/m3) 34.5 

Liquid-gas surface tension, σ (N/m) 0.03 

Gas Weber number, 𝑊e𝑔 206 

Ohnesorge number, Oh 0.036 

Liquid-gas momentum ratio, Q 5.262 

Hybrid Eulerian/Lagrangian numerical simulation method 

Governing equations in the Eulerian Framework 

In the present study, VOF scheme is adopted to capture the gas-liquid interface in the Eulerian framework. The one-

fluid method is adopted to resolve the gas-liquid two-phase flow, where the gas and liquid phases are treated as one fluid 

with material properties that vary abruptly across the interface, which can be described with one set of mass and momentum 

governing equations. The incompressible, variable-density, governing equations with surface tension are expressed as, 

𝜌(𝜕𝑡𝒖 + 𝒖 ∙ ∇𝒖) = −∇𝑝 + ∇ ∙ (2𝜇𝑫) + 𝜎𝜅𝛿𝑠𝒏 − 𝒇𝒑  (1) 

∇ ∙ 𝒖 = 0                  (2) 

Where 𝜌  and 𝜇  are the fluid density and viscosity, 𝒖  and 𝑝  are the velocity and pressure fields, and 𝑫  is the 

deformation tensor with components 𝐷𝑖𝑗 = (𝜕𝑖𝑢𝑗 + 𝜕𝑗𝑢𝑖) 2⁄ . The third term on the right hand side (RHS) of Eq. (1) is the 

surface tension force, with a Dirac distribution function (𝛿𝑠) localized on the liquid-gas interface. 𝜎 is the surface tension 

coefficient, 𝜅 and 𝒏 represent the local curvature and unit normal of the interface. 𝒇𝒑 is the closure term that accounts 

for the effect of the Lagrangian droplets backward to the resolved flow, which will be introduced later.   

In VOF method, the phase fraction 𝛼  distinguishes between the gas-liquid phases, and indicates the spatial 

distribution of the two phases. 𝛼 = 1 in the computational cells is fully occupied by the liquid phase, 𝛼 = 0 is gas phase, 

while 𝛼 lies in between means a mixture of gas and liquid phases. Its temporal evolution satisfies the advection equation, 

∂𝑡𝛼 + 𝒖 ∙ ∇𝛼 = 0      (3) 

The density and viscosity of the fluid are then defined as, 

𝜌 = α𝜌𝑙 + (1 − α)𝜌𝑔   (4) 

𝜇 = α𝜇𝑙 + (1 − α)𝜇𝑔   (5) 

Lagrangian particle tracking (LPT) method 

The Lagrangian particle tracking approach has been widely utilized in turbulent dispersed particle-laden or dilute 

spray flows. The LPT approach tracks the behaviors of Lagrangian parcels discretely throughout the flow field. Each parcel 

could represent one or a certain number of droplets with identical properties, such as mass and velocity. The Lagrangian 

parcels are treated as point masses with no volume. And their positions and velocity are updated at each time step based 

on the differential equations for trajectory and momentum: 
𝑑𝒙𝑝

𝑑𝑡
= 𝒖𝑝     (6) 

𝑚𝑝
𝑑𝒖𝑝

𝑑𝑡
= 𝑭𝐷 + 𝑭𝐺    (7) 

Where 𝒙𝑝 , 𝒖𝑝 and 𝑚𝑝 are positions, velocity and mass of each parcel. 𝑭𝐺  is the gravitaional force and 𝑭𝐷 is the drag 

force acting on the parcel. Drag force is calculated as, 

𝑭𝐷 = 𝐶𝐷
𝜋𝐷𝑝

2

8
𝜌𝑔(𝒖𝑔 − 𝒖𝑝 )|𝒖𝑔 − 𝒖𝑝|  (8) 

Where 𝐷𝑝  is the diameter of the parcel, and 𝒖𝑔  is the interpolated gas velocity at the parcel position 𝒙𝑝  from the 

Eulerian flow field. 𝐶𝐷 is the drag coefficient calculated based on the Schiller-Naumann drag model. 
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Coupling algorithm 

For the hybrid Eulerian/Lagrangian simulation, a coupling module is implemented to combine the VOF method in 

the Eulerian approach and the Lagrangian particle tracking schemess. Heinrich et al.(Heinrich and Schwarze, 2020) 

proposed a 3D-coupling of VOF and LPT for simulation of the complete process of spray atomization. The detailed 

coupling algorithm is described by Heinrich et al.(Heinrich and Schwarze, 2020) and briefly introduced as follows. It 

mainly consists of three steps: (1) Identify individual droplets according to the phase fraction field 𝛼; (2) Calculate their 

corresponding properties based on the indentification; (3) If the droplets meet the transformation criteria, convert them to 

injecting parcels into the Lagrangian framework and delete the corresponding liquid droplets from the phase field.  

The aforementioned VOF-LPT coupling algorithm has been implemented in the OpenFOAM package. The 

incompressible gas-liquid multiphase solver interIsoFoam is utilized to solve the phase fraction. This solver uses the 

isoAdvector VOF method(Roenby et al., 2016; Gamet et al., 2020) in combination with the PIMPLE algorithm for 

pressure-velocity coupling. The convection term in the momentum equation is discretized with a second order Liner 

Upwind Stabilized Transport (LUST) scheme. Discretization of the remaining spatial terms (Laplacian, gradients, and 

interpolation) use second order Gauss linear schemes. Temporal discretization is of first order. The Eulerian approaches 

are implemented under the framework of AMR to dynamically cluster meshes around gas-liquid interface. The Reitz-

Diwakar secondary break-up model is adopted to model the break-up of the Lagrangian droplets. And the droplet-droplet 

collisions and subsequent coalescence is modelled with the collision algorithm proposed by Nordin, which is detailed in 

(Heinrich and Schwarze, 2020).This above proposed algorithm is well validated against experimental measurements of 

liquid fuel jet in cross flow from Gopala et al.(Gopala et al., 2010) and Sekar et al.(Sekar et al., 2014), as discussed in 

(Heinrich and Schwarze, 2020).  

The annular computational domain is meshed with a structured, hexahedral mesh with 3.3 million cells initially. The 

refinement levels are defined as 5, with a growth ratio of 2 between each grid level. The initial size of cells is about 50μm 

and clustered around the liquid jet, and dynamically refined to 1.56 μm around the liquid-gas interface. The fine grid 

consists of 36 million cells. The meshes on part of the mid plane is shown in Fig. 2. 

 
Figure 2 Adaptive refined cells at the mid plane for no swirling crossflow 

RESULTS AND DISCUSSION 

Liquid jet structure and breakup mechanisms 

The top-viewed instantaneous structures of the liquid jet column and the dispersion of the spray droplets in the non-

swirling and swirling crossflow are compared in Fig. 3. The detailed liquid jet breakup processes, including surface wave 

development along the liquid column, surface stripping off the liquid column, ligament formation, and liquid column 

breakup, are captured by the detailed simulation, as shown in Fig. 4. The zoomed images from the top and side view of the 

jet in the vicinity of the injector exit are shown in Fig. 5 to illustrate the complex structures captured during the breakup 

process. As the liquid fuel jet injected into the non-swirling crossflow, it bends towards the crossflow direction. Due to the 

blockage by the high density liquid jet column, the gas flow passes around the liquid jet. The pressure difference caused 

by the liquid blockage results in the deformation and transverse widening of the liquid fuel jet column. Due to the gas 

aerodynamic forces on the liquid column, instabilities waves are generated on the windward front of the column. The 

transverse widening of the liquid jet causes an additional moving velocity component for the surface waves in the transverse 

directions. The combination of upward and transverse velocity components leads to local surface wave traveling in separate 

“up-left” and “up-right” directions and causes the formation of Λ shape waves. It has been speculated that the Rayleigh-

Taylor (R-T) and Kelvin-Helmholtz (K-H) instability on the surface leads to the formation of these windward surface 

waves in liquid fuel jets in crossflow(Li and Soteriou, 2016). These instabilities waves generate roll-ups and continue to 

grow along the jet axis. At the column end, the liquid column is stretched to be bag like structures and breaks into holes. 

Then the large chunks of liquid are broken off the main jet column and break up into smaller droplets. This is referred to 

the bag breakup mode. Besides, ligaments are observed to strip from the crests of column waves and break into smaller 

droplets. On the transverse edge of the column, ligaments and small droplets are stripped off the column due to the high 
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local gas shear. Droplets of different sizes generated along the jet column are transported downstream and transited to 

Lagrangian parcels while small enough.  

The penetration of the liquid fuel jet column is affected by the swirling flow. The liquid column bends both in the 

axial and transverse directions. The spine-like structure is weaken and bends along with the swirling crossflow. Besides, 

there forms a secondary liquid sheet against the swirling crossflow on the transverse edge of the liquid column. Ligaments 

and droplets are stripped off from both of the two transverse edges of the column. The transport of droplets are significantly 

influenced by the swirling flow, which exhibits in a swirling pattern. The detailed description of the liquid jet penetration 

and droplet distribution will be discussed in the following sections. 

 

(a)                        (b) 

Figure 3 Instantaneous structure of the atomization, (a) SN = 0.0, (b) SN = 0.85 

 

Figure 4 Instantaneous structure of the atomization colored with streamwise velocity: 

up, SN = 0.85, down, SN = 0.0 

 

(a) 

 

 

(b) 

Figure 5 Zoomed-in top and front side views of the liquid column, 

 (a) SN = 0.0, (b) SN = 0.85 

Spray trajectory 

The penetration depth and the trajectory of the spray are vital parameters for the liquid jet atomization, which has 

been widely discussed for experimental measurement. It has been suggested that the jet-to-crossflow momentum flux ratio 
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𝑄 is the most important parameter for prediction of the penetration, breakup length, and trajectory of a liquid jet in a 

crossflow(Li and Soteriou, 2016). Various empirical correlations for the prediction of the penetration and trajectory of LJIC 

were proposed. Wu et al.(Wu et al., 1997) proposed that the trajectory of the upper edge of the liquid jet can be expressed 

as, 𝑟 = 𝑎𝑄0.5𝑥𝑏 , where 𝑟 and 𝑥 are radial and axial distances normalized by the jet diameter D, 𝑎 = 1.37 and 𝑏 =
0.5 are the coefficients. This correlation agreed well with their experimental measurement. The computed trajectory for 

the liquid jet breakup in non-swirling crossflow is shown in Fig. 6(a). The trajectory 𝑟  is represented by the radial 

penetration with reference to the inner annular tube. The correlation can be roughly fitted as 𝑟 = 1.5588𝑄0.5𝑥0.3077. Note 

here that the trajectory is represented by the outer-windward bound of the spray cloud.  

For the liquid jet breakup in the swirling crossflow in the annular configuration, the spray exhibits a swirling pattern 

and goes through a three dimensional path as shown in Fig. 3. To well locate a droplet in the three dimensional domain, 

both radial and angular coordinates need to be specified. The trajectory is described by both the radial penetration  𝑟 and 

the angular deflection 𝜃 at a streamwise location. The angular deflection is measured with respect to the plane containing 

the point of liquid jet injection and the axis of the annular domain. The radial penetration 𝑟 is shown in Fig. 6(b) and can 

be fitted as 𝑟 = 1.337𝑄0.5𝑥0.3909. The angular deflection 𝜃 is shown in Fig. 6(c). According to Prakash et al. (Prakash et 

al., 2019), 𝜃 varies linearly with 𝑥 and can be expressed as, 𝜃 = 𝑘𝑥 + 𝑐, where 𝑘 is the slope and 𝑐 is the intercept. 

Here, 𝜃  is fitted as = 1.2797𝑥 + 2.497 . The fitted correlation can also be found in previous study by Prakash et 

al.(Prakash et al., 2019), however, the parameters for 𝑎,  𝑏, 𝑘, 𝑐 are quite different.  

The radial penetration for the non-swirling and swirling cases are compared in Fig. 6(d). It can be found that the 

penetration depth of jet column decreases a little in the swirling crossflow, while the droplets spread more outwardly 

downstream with a larger 𝑟.  

 

(a) 
 

(b) 

 

(c) 
 

(d) 

Figure 6 Radial and angular trajectory of the spray, and the fitted lines 

Droplet diameter distribution 

The large drops and ligaments formed during the breakup of the liquid column undergo further atomization into smaller 

droplets. The small droplets are converted to Lagrangian parcels and tracked individually. The variation of droplet sizes 

along the streamwise direction are important properties for the liquid jet atomization. Fig. 7 shows the probability density 

function (PDF) of droplet size 𝑓(𝑑) for the non-swirling and swirling cases at downstream locations 𝑥 = 10𝐷 and 𝑥 =
40𝐷. At upstream 𝑥 = 10𝐷, the PDFs for the two cases are roughly consistent. However, further downstream 𝑥 = 40𝐷, 

they deviate with each other obviously. For the non-swirling case, the PDF is larger for small diameter of droplets, and 

smaller for large diameter of droplets.  
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(a) (b) 

 Figure 7 Comparisons of PDFs of drop sizes at (a) x=10D, (b) x=40D 

The PDFs of droplet sizes at various streamwise locations for the non-swirling and swirling cases are compared in Fig. 

8(a) and (b), respectively, along with the log-normal distribution. It can be observed that the PDFs of droplet sizes generally 

follow the log-normal profile, which is consistent with previous experimental and numerical results (Kumar et al., 

2015;Prakash et al., 2019).  

   

   

 
(a) 

 
(b) 

Figure 8 PDF of droplet sizes at various locations and the fitted log-normal distribution, 

 (a) SN=0, (b) SN=0.85. 

CONCLUSIONS 

In the present study, the liquid fuel jet injected radially outwards into the swirling or non-swirling air crossflow is 

compared using the hybrid Eulerian-Lagrangian simulations, which combines the VOF method to capture the gas-liquid 

interface, and a LPT approach to resolve the secondary breakup and the dilute spray cloud. Adaptive mesh refinement is 

adopted to refine grid points around the gas-liquid interface, to save the computational cost appreciably.  

The detailed liquid jet breakup processes, including surface wave development along the liquid column, surface 

stripping off the liquid column, ligament formation, and liquid column breakup, are captured by the detailed simulation. 

Bag mode breakup is observed at the end of the liquid column, while shear breakup occurs on the transverse edge of the 

column. The breakup pattern of liquid fuel jet in the non-swirling crossflow in the annular domain is generally consistent 

with that in most of previous studies, where liquid jet is injected from a flat surface. However, we can clearly observe that 

a spine-like structure forms at the symmetric plane of the liquid column. The Λ shape surface waves are not symmetric. 

In the swirling crossflow, the liquid column bends both in the axial and transverse directions. The spine-like structure is 

weaken and bends along with the swirling crossflow. Besides, there forms a secondary liquid sheet against the swirling 

crossflow on the transverse edge of the liquid column. The transport of droplets are significantly influenced by the swirling 

flow, which exhibits in a swirling pattern.  

The radial penetration for the non-swirling and swirling cases are compared. It can be found that the penetration depth 

of jet column decreases a little in the swirling crossflow, while the droplets spread more outwardly downstream. The PDFs 

of droplet sizes at various streamwise locations for the non-swirling and swirling cases are compared, it can be observed 

that the PDFs of droplet sizes are generally follow the log-normal distribution.  
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