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ABSTRACT 
Forced response of an embedded compressor rotor blade 

from the perspective of the aeroelastic blade designer is 
addressed. A mistuned forced response case for an embedded 
compressor (7 row) rotor blade is used to compare measured 
results with predictions with advanced computational models. 
Comparisons include forcing function, aerodynamic damping, 
mistuning amplification, and blade response amplitudes. It is 
concluded that advanced system identification models are 
needed to identify complex eigenvalues (mistuned blade 
frequencies and aerodynamic damping), and multi-row 
models are necessary to accurately predict the forcing 
function. Unpredicted forcing functions and mistuning 
responses are also described. 

INTRODUCTION 
Predicting mistuned forced response contains 3 primary 

components: 1) forcing function, 2) aerodynamic and total 
damping, and 3) mistuned response.   The accuracy of each of 
these components is currently not well known.  This paper will 
use measurements and computations on the Purdue 3-Stage 
Axial Research Compressor Facility (P3S) to examine the 
details and accuracies of each of these components. The P3S 
compressor is being used in a Purdue/Duke project sponsored 
by the GUIde 5 Consortium to study compressor blade forced 
response.   

 
A schematic of the compressor flow path, blading and 

measurement stations is displayed in Figure 1. Three rotor 
rows have declining numbers of blades: 36, 33, and 30. The 
IGV at the front of the compressor, as well as the first and 
second stage stators, contains 44 vanes, while the last stage 
stator has 50 vanes. Each of the three rotors is a blisk, in which 
the disk and blades are one monolithic piece.  Inside the 
operating range, the second stage rotor (R2) is excited at the 
1T (first torsion) mode at 3700RPM by the 44EO vane passing 
with contributions from both S1 and S2, and possibly the IGV.  
This results in an 11 nodal diameter backward traveling wave 

modal force.  Recent studies on tuned and mistuned resonant 
response predictions at this crossing were reported in Monk 
[1] and Besem et al. [2] and compared to experimental 
measurements documented in Murray and Key [3]. 
 

 
 
 

 
Figure 1: The P3S compressor flow path cross-sectional view, 
blading, and measurement stations (adapted from Monk [1]). 
 
FORCING FUNCTION 

The 1T/44EO forcing function is expected to be 
dominated by the effects of upstream S1 and downstream S2 
and was studied by using two 2-row studies (S1/R2 & R2/S2) 
and one 3-row study (S1/R2/S2). These configurations are 
shown in Figure 2. �̃� is the complex harmonic modal force on 
R2. The subscript “S1/R2” and alike implies the CFD 
configuration. 
 

 
 
 
 
 
 

 
Figure 2: Unsteady CFD models of 2-row (S1/R2 and R2/S2) 
and 3-row (S1/R2/S2) forced response analyses. 
 
Four questions were examined with respect to the forcing 
function: 

1) Can a linear superposition of S1/R2 and R2/S2 
results give an accurate estimate of the S1/R2/S2 
modal force? 
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2) How do S1 and S2 interact and how significant is this 
interaction?  

3) How does S1-S2 clocking affect S1/S2 interaction 
and the modal force? 

4) Does the experimental data contain significant 
traveling waves in addition to the 11 nodal diameter 
backward traveling wave? 

 
Questions 1 and 2: To answer questions 1 and 2, the 

transient pressure signals of a monitor point in the R2 flow 
field sampled over the same period of time from three different 
solutions were examined and are shown in Figure 3.   
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Transient perturbation pressure signal of a monitor 
point mid-passage in the R2 flow field resolved by S1/R2, R2/S2, 
and S1/R2/S2 simulations, and estimated by superposition. 
 

With only S1 exciting R2, 𝑝1(𝑡) shows a strong two-
wave-number pattern indicating that the S1 wake has a strong 
second harmonic content. A Fourier analysis of the vane wake 
total pressure profile showed high energy in the higher 
harmonics (impulse-like).  That is, the second and third 
harmonics have high amplitudes with respect to the first 
harmonic.  The presence of these higher harmonics is 
responsible for the two-wave shape shown in Figure 3.   For 
𝑝2(𝑡), the S2 potential influence is solely responsible for the 
unsteadiness, and hence a dominant first harmonic 
appearance.  𝑝3(𝑡) demonstrates features of both 𝑝1(𝑡) and 
𝑝2(𝑡) since both stator excitations are included. The linear 
superposition 𝑝1(𝑡) + 𝑝2(𝑡) exhibits a similar shape to 𝑝3(𝑡) 
but with a significantly different amplitude. 

 
The first harmonic of the blade surface unsteady pressures 

and the 1T mode shape were used to calculate the modal forces 
(arbitrary phase, but with a consistent phase reference for all 
modal force calculations) for this superposition study. 
Comparisons among four complex 1T modal forces on R2 are 
shown in Figure 4.  It can be seen that �̃�3 is greater in 
amplitude than either �̃�1 or �̃�2. This is consistent with the 
experimental finding that a constructive interference exists 
between S1 and S2, such that their combined forcing is greater 
than either of themselves individually (Choi et al [4]).  The 
linear superposition of �̃�1 and �̃�2, quite surprisingly, has a 
similar phase, but is very different from �̃�3 in terms of the 
amplitude. In fact, �̃�1 and �̃�2 are mostly out of phase resulting 
in a strong cancellation when being summed. That is, if 

linearity holds, S1 and S2 would form a strong destructive 
interference. The conclusion is that there is a strong non-linear 
interaction of the S1 and S2 effect on the 1T modal force.    
 
 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 4: R2 1T modal forces presented in real and imaginary 
components, resolved by S1/R2, R2/S2, and S1/R2/S2 
simulations, and estimated by superposition. 

 
Question 3: The above result only considers one S1-S2 

clocking arrangement in which they are aligned at the same 
circumferential location (CL-1).   Linear superposition was 
used to estimate the modal force on R2 in a three-row 
configuration with a complete range of clocking from 0 to 
100% of the vane passage. This was done by first 
appropriately clocking (phase-shifting) and then superposing 
�̃�1 and �̃�2.  To check the validity of the superposition, several 
clocking configurations, namely CL-1, CL-3 (S1 is clocked 
circumferentially by 32% vane pitch from S2) and CL-5 (66% 
of vane pitch) as defined in Choi et al [4] were evaluated using 
3-row CFD simulations.  As can be seen from Figure 5, the 
superposition fails to predict either qualitatively the trend or 
quantitatively the values of modal force with respect to 
clocking arrangement. This again highlights the inadequacy of 
the linear superposition based on 2-row CFD solutions, which 
ignores the significant effect of stator-stator interaction that 
contributes to the R2 response. 

 
 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 5: R2 1T modal force (amplitude and phase) superposed 
for arbitrary clocking configuration compared against 3-row 
CFD solutions. 

The poor results shown in Figures 4 and 5 indicate that a 
linear superposition based on 2-row CFD solutions is highly 
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inadequate. This is because 2-row CFD models neglect the 
effect of stator-stator interaction, and do not properly resolve 
the individual stator-induced forcing functions. To this end, a 
new approach, namely a linear decomposition, is proposed to 
obtain the individual stator-induced forcing functions with 
consideration of stator-stator interaction. This is achieved by 
using two 3-row CFD solutions at two different clocking 
configurations (CL-1 and CL-3 are used in this study). With 
the assumption that each 3-row solution consists of two 
clocked (phase-shifted relative to each other corresponding to 
the particular clocking configuration) components that each 
represents force induced by one stator, these two components 
can be backed out from two 3-row solutions. 

 
The decomposed modal forces are shown in Table 1. �̃�1

′  
is the modal force component induced by S1, while �̃�2

′  
represents the forcing component due to S2. The 2-row (�̃�1 
and �̃�2) and 3-row  (CL-1, �̃�3) solutions previously shown in 
Figure 4 are also included. The difference between 2-row and 
decomposed 3-row solutions is an indication of the effect of 
stator-stator interaction. This multistage effect has a strong 
influence on the S1-induced modal force with more than a 
factor of two difference between the amplitude of �̃�1

′  and �̃�1. 
In comparison, this stator-stator interaction has less impact on 
the S2-induced forcing function, with the amplitude of �̃�2

′  only 
6.56% higher than that of �̃�2. This study also shows that the 
S2 is responsible for most of the forcing function to R2, since 
�̃�2

′  is more than three times as high as �̃�1
′  in amplitude. 

 
Table 1: R2 1T modal force resolved by S1/R2, R2/S2, and 
S1/R2/S3 (CL-1) simulations, and decomposed from two 3-row 
solutions. 

Modal 
Force [N] 

�̃�1 
(S1/R2) 

�̃�2 
(R2/S2) 

�̃�3 
(S1/R2/S2) 

�̃�1
′               �̃�2

′  
(Decomposed) 

Real -0.036 0.013 -0.046 -0.040 -0.006 
Imaginary -0.086 0.121 0.140 0.010 0.130 
Amplitude 0.093 0.122 0.148 0.041 0.130 

  
These decomposed 3-row solutions were used to estimate 

the modal force on R2 in a 3-row configuration of arbitrary 
clocking arrangement. The same procedure used to generate 
Figure 5 was applied to superpose decomposed 3-row 
solutions, rather than 2-row solutions. Results are shown in 
Figure 6. The data sets displayed in Figure 5 are also included 
to contrast the different superposition results. As can be seen, 
the linear superposition using decomposed 3-row results 
agrees much better to the 3-row CFD solutions. In particular, 
an exact match is found at CL-1 and CL-3 since they form the 
basis for the decomposition. The estimated modal force 
amplitude for CL-5 is 0.163 [N], only 12% different from the 
actual 3-row CFD solution of 0.145 [N]. This is greatly 
improved from the previous estimate of 0.202 [N] obtained 
from a superposition based on 2-row CFD solutions. The 
conclusion is that the linear decomposition provides a method 
to identify individual contributions from two stators with 
consideration of stator-stator interaction. The linear 
superposition based on decomposed 3-row solutions is able to 

capture the qualitative trend of R2 modal force with respect to 
S1-S2 clocking arrangement. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 6: R2 1T modal force (amplitude and phase) superposed 
for arbitrary clocking configuration compared against 3-row 
CFD solutions. Superposition’s based on 2-row CFD and 
decomposed 3-row CFD are shown. 

 
Question 4: From the Campbell diagram perspective, the 

only significant forcing function for the 1T mode is the 44 per 
rev excitation from S1 and S2. This results in a pure 11 ND 
backward traveling wave at the 1T frequency and the higher 
harmonics (88, 132, …).   The first harmonic is used to 
determine the modal force of the 44 per rev excitation. 
Experimentally it is not practically possible to directly 
measure the forcing function in terms of modal force.  
However, it can be inferred from system identification 
methods. Hall & Hall [6] used a “Maximum Likelihood 
Method” to identify the modal force from the tip-timing data 
with the results shown in Figure 7. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7:  Comparison of experimental and computational 
traveling wave modal forces. 

 
Note that two sets of results are shown, one set for a slow 

rotor acceleration through the resonance and one for a slow 
deceleration.  The magnitude of the difference in the two sets 
is surprising and not understood.  It is speculated that it may 
be due to a thermal effect, such as the test rig heating up.  As 
can be seen the -11 ND modal force dominates.   The predicted 
-11ND forcing amplitude is over twice that of the experiment 
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value.  Experimentally there is frequency content from -14 and 
-8, which can be attributed to the difference in rotor counts.   
That is, there is a difference of 3 between R1 (36) and R2 (33) 
and another difference of three between R2 and R3 (30).    
Computationally this would require 4-row, and possibly 5-row 
solutions, which are part of our future plan. 

 
AERODYNAMIC AND TOTAL DAMPING 

Since the P3S uses blisks, there is no friction damping. 
This leaves two types of damping to consider, aerodynamic 
and hysteretic (material). A Lazan [5] approach was used to 
estimate the material damping for the 1T mode as 0.0072% 
(critical damping ratio). Next, unsteady CFD was used to 
determine the aerodynamic damping as a function of ND.  The 
results are shown in Figure 8. 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 8: Predicted R2 1T aerodynamic and hysteretic damping 
versus nodal diameter. 
 

The -11 ND mode has the highest aerodynamic damping 
value of 0.095%. So the total damping for a tuned system 
excited by a pure -11 ND forcing function is 0.102%. If tuned 
system could be assembled and tested, it would be easy to 
determine the experimental total damping value. Since all 
manufactured systems are mistuned, we must determine the 
predicted mistuned damping values to compare with 
experimental values. The measured (from tip-timing data) 
frequency of all 33 blades results in a mean of 2723.5 Hz and 
a standard deviation of 0.31%. By using the measured 
frequencies for all 33 blades a mistuned traveling wave 
complex eigenvalue analysis was performed. The resulting 
aeroelastic frequencies and aerodynamic damping values are 
given in Figure 9.   
 

As expected, mistuning narrows the range of damping 
values.  Examining the traveling wave eigenvectors shows that 
none of the mistuned eigenvalues has an eigenvector dominant 
in -11ND.  However, there are 12 mistuned eigenvectors that 
have a significant level of -11ND content. These modes are 
marked with crosses in Figure 9. The aerodynamic damping 
of these mistuned eigenvalues range from 0.045% to 0.065%, 
or about half of the tuned -11ND value of 0.102%.  Since there 
are many modes with -11ND content, our experimental 
response should contain the response of many mistuned 
modes. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 9: Predicted tuned and mistuned aeroelastic frequencies 
(top) and aerodynamic damping (bottom). Crosses mark 
significant -11ND content. 

 
Both the predicted tuned and mistuned eigenvalues are 

plotted in the complex plane (frequency and damping) in 
Figure 10.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10: Predicted tuned and mistuned complex eigenvalues 
and identified mistuned complex eigenvalues using two methods 
(SDOF and LSCF). Crosses mark significant -11ND content. 
 

Crosses mark the twelve mistuned modes with a 
significant -11ND content in their eigenvectors. These 
eigenvalues of interest are in the frequency range between 
2700 and 2740Hz.  In addition, eigenvalues identified from the 
experimental measurements using two different methods are 
included. In the first method, a single-degree-of-freedom 
(SDOF) curve fitting procedure was used to estimate the 
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damping from the -11ND measured response as a function of 
frequency. This curve fitting result was 2735Hz in frequency 
and 0.130% in damping, which is near the tuned value of 
0.102% (Figure 8), but approximately a factor of 2 higher than 
the computational mistuned values. Therefore, a more 
sophisticated technique, Least-Squares Complex Frequency 
Domain Method (LSCF, Guillaume et al [7]), was used to 
identify the mistuned eigenvalues.  This LSCF technique was 
applied to both sets of experimental data acquired via a slow 
acceleration and a slow deceleration through resonance. Many 
mistuned modes (17 for the acceleration data and 18 for the 
deceleration data) were identified. There is a very good 
agreement, that is, there is a substantial overlapping between 
identified and predicted eigenvalues in the frequency range of 
2700 and 2740Hz, where modes with a strong -11ND content 
are expected to significantly participate in the mistuned 
response. This means that our aerodynamic damping values, 
and the mistuned blade frequencies are also close to the actual 
values.  It also means that the damping value from the SDOF 
method is polluted by the presence of many modes and is 
incorrect. 
 
MISTUNED RESPONSE 

After the forcing function and damping are predicted, the 
mistuned forced response can be determined computationally 
(Kielb et al [8]) with the experimentally determined blade 
frequencies.  These responses can then be compared with the 
experimentally measured values.  Modern tip-timing systems 
can be used to determine the response as a function of 
frequency in both the traveling wave and physical blade 
coordinate systems.  The tip-timing data can also be used to 
identify the blade frequencies. In the P3S case, the tip timing 
determined frequencies were validated by a comparison with 
frequencies identified by a second method. A summary of the 
computational/experimental comparison is presented in Table 
2 and shown in Figure 11. 
 
Table 2: Summary of key mistuned response parameters 
(measured and predicted). 

 �̅�𝑚𝑎𝑥 
[mils] 

�̅�𝑎𝑣𝑔 
[mils] 

�̅�𝑚𝑎𝑥
�̅�𝑎𝑣𝑔

  

[-] 

�̅�𝑎𝑣𝑔

�̅�𝑡𝑢𝑛𝑒𝑑
  

[-] 

𝐴 = �̅�𝑚𝑎𝑥
�̅�𝑡𝑢𝑛𝑒𝑑

 

[-] 

Exp. (Mean) 17.3 3.6 4.76 0.70 
(Est.) 

3.31 
(Est.) 

Prediction 17.0 5.9 2.88 0.70 2.04 
 
Table 2 shows the comparison of the computational results 
with the measurements in terms of several key parameters 
characterizing mistuned responses: 

x �̅�𝑚𝑎𝑥  is the amplitude of the maximum response 
occurred in the frequency sweep, i.e. the amplitude 
of the peak of the maximum response envelope; 

x �̅�𝑎𝑣𝑔 refers to the amplitude of the peak of the 
average response curve; 

x �̅�𝑚𝑎𝑥
�̅�𝑎𝑣𝑔

  is the ratio between the maximum and average 

responses, and can be considered as a measure of 
mode localization. This parameter can also be 
conveniently used to make direct comparison 

between measurement and prediction. Note that 
although not enforced, �̅�𝑎𝑣𝑔 usually occurs at the 
same frequency at which  �̅�𝑚𝑎𝑥 occurs; 

x �̅�𝑎𝑣𝑔
�̅�𝑡𝑢𝑛𝑒𝑑

 evaluates the average response amplitude 
with respect to the tuned. This ratio is reported in 
the literature to be typically within the range of 0.75 
to 0.8. This parameter cannot be determined 
experimentally simply because an experiment does 
not produce a “tuned” response. 

x �̅�𝑚𝑎𝑥
�̅�𝑡𝑢𝑛𝑒𝑑

, the Amplification Factor, A, quantifies the 

effect of mistuning on the magnification of response 
amplitude. Similar to �̅�𝑎𝑣𝑔

�̅�𝑡𝑢𝑛𝑒𝑑
, an experiment does not 

directly produce this parameter. The approach used 
herein was to estimate the �̅�𝑎𝑣𝑔

�̅�𝑡𝑢𝑛𝑒𝑑
 ratio using the 

computational result, and approximate the 
experimental amplification factor using the 
following: 

𝐴𝑒𝑥𝑝.  𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 = (�̅�𝑚𝑎𝑥
�̅�𝑎𝑣𝑔

)
𝑒𝑥𝑝

⋅ ( �̅�𝑎𝑣𝑔
�̅�𝑡𝑢𝑛𝑒𝑑

)
𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛

(1) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11: Predicted R2 1T tuned and mistuned responses in 
comparison with experimental measurements through an 
acceleration and a deceleration. 
 

Although there is an excellent agreement between the 
predicted and measured maximum response amplitudes as 
shown in Table 2 and Figure 11, the average response is 
significantly over predicted. The blade-to-blade response 
amplitude distribution at the 2715Hz peak is plotted in Figure 
12.  Experimentally, the response is highly localized to blade 
26. The average response is merely 3.6 [mils], yielding a high 
�̅�𝑚𝑎𝑥/�̅�𝑎𝑣𝑔 ratio of 4.76. Computationally, although blade 26 
is successfully predicted to be the leading responder, several 
other blades are over-predicted such that the predicted 
�̅�𝑚𝑎𝑥/�̅�𝑎𝑣𝑔 ratio (2.88) is markedly lower than measured. This 
over-prediction is also reflected in the individual blade 
maximum response plot (Figure 13) where the highest 
amplitude is over-predicted for most blades compared to the 
experimental measurements. 
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Therefore, we conclude that the computational result is 
overall an over-prediction of both the tuned and mistuned 
responses, most possibly due to an over-prediction of the 
forcing function (see Figure 7). The close agreement on the 
amplitude of blade 26 can be explained by the combination of 
the forcing function over-prediction, and an under-prediction 
of the level of mode localization.  It is also interesting to note 
that the experimental amplification factor (A, max/tuned) of 
3.31 is very near the Whitehead limit, and the computational 
value is much lower. 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 12: Experimental and computational blade-to-blade 
response amplitude distribution at the 2715Hz response peak. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 13: Experimental and computational individual blade 
maximum response amplitude distribution. 
 
SUMMARY & CONCLUSIONS 
Experimental measurements and computations on an 
embedded compressor (P3S) rotor blade response were used 
to examine the details and accuracies of the forcing function, 
aerodynamic and total damping, and mistuned response.   
Specific conclusions are: 
 
1) Two-row CFD solutions do not represent the actual 

individual excitations of S1 and S2. There is a strong 
effect of stator-stator interaction. 

2) Superposition based on 2-row CFD solutions fails to 
predict the trend or the values of combined modal force 
with respect to clocking arrangement. 

3) The individual R2 forcing function caused by each stator 
can be approximated from a linear decomposition of two 
3-row CFD solutions at different clocking 
configurations. These decomposed 3-row results can be 

linearly superposed to estimate modal force for an 
arbitrary clocking configuration. 

4) Advanced system identification methods applied to tip-
timing data can be used to determine forcing function in 
the form of traveling wave modal forces. 

5) Single-Degree-of-Freedom methods give poor estimates 
of aerodynamic damping.   

6) Advanced Multi-Degree of Freedom methods, such as 
LSCF, can accurately estimate the mistuned complex 
eigenvalues which contain the aerodynamic damping 
and aeroelastic frequency. 

7) The computational blade response prediction over-
predicts both the tuned and average mistuned responses, 
most possibly due to an over-prediction of the forcing 
function.  

8) The close agreement on the maximum amplitude blade 
is explained by the combination of the forcing function 
over-prediction, and an under-prediction of the level of 
mistuned mode localization. 

NOMENCLATURE 
Abbreviations 

1T first torsion (mode shape) 
CL clocking configuration 
EO engine order 

LSCF Least-Squares Complex Frequency-domain 
method 

ND nodal diameter 
P3S Purdue 3-Stage Axial Research Compressor 

Facility 
SDOF single degree of freedom 
  
Symbols 

A amplification factor [-] 
p (normalized) pressure ([Pa] or [-]) 
�̅� response amplitude [mils] 
�̃� complex modal force [N] 

  
Subscripts 

est estimate 
exp experimental measurement 

max maximum (response) 
mean mean (response) 
tuned tuned (response) 
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