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ABSTRACT
In automated design of turbomachinery, the method used

to parametrize the blade shapes is key to ensure robustness
and design flexibility of the entire optimization process. Typi-
cally, the two adopted methods are free-form deformation and
computer-aided design based parametrization. The former al-
lows for a large design flexibility, but it entails challenges to
satisfy prescribed geometrical constraints. By contrast, the lat-
ter ensures a better control of the blade shape, but at the cost
of narrowing down the design space. In this study, we aim at
providing a unified methodology for a systematic assessment
of the two methods by resorting to the adjoint method. A first
comparison is conducted by carrying out shape optimization on
a two-dimensional axial turbine cascade. The results indicate
that, though the fluid-dynamic performance of the two optimal
blade configurations are similar, the shapes are comparatively
different, meaning that the optimization problem has multiple
optima and that the type of parametrization is influencing the
solution of the optimization problem.

INTRODUCTION
In recent time, the application of shape optimization

methods to turbomachinery design has arguably peaked thanks
to the unprecedented improvement of computer capabilities.
Among the various optimization methods, the adjoint-based
gradient method enables to handle design problems character-
ized by a large number of design variables in a very efficient
manner (Pini et al., 2014) and to deal with multi-disciplinary
and multi-physics design problems in turbomachinery (Mar-
tins et al., 2015).

One of the most critical, but often underestimated, aspects
in automated design of turbomachinery is the choice of the
blade shape parametrization method. Regardless the adopted
optimization method, the parametric description of the base-
line geometry is key to ensure robustness of the optimization
process without hindering the capability of the design method
to provide breakthroughs in shape configurations.

In the attempt to meet this objective, the Free Form De-
formation (FFD) method has been recently applied to turbo-
machinery and gained increasing popularity over the well-
established CAD-based method, especially for gradient-based
optimization (Vitale et al., 2017; Verstraete et al., 2017). Al-
though extremely flexible for exploring unconventional design
solutions, the FFD method does not allow to directly control
the blade geometrical characteristics (e.g., minimum thickness
distribution, trailing-edge shape), leading often the optimizer
to find blade shapes that cannot find real application. As con-
sequence thereof, successful optimization with FFD is usu-
ally the result of trial and error endeavors aimed at adapting
the FFD box to indirectly satisfy prescribed geometrical con-
straints.

By contrast, in CAD-based method, the blade geometry is
parametrized with NURBS curves, whose control points posi-
tion is derived by the geometrical characteristics of the blade,
(e.g., the blade chord, the thickness distribution, the stagger
angle). In this way, the attainment of feasible optimal shape is
automatically ensured by bounding the design variables. This,
however, comes at the cost of reducing the design space.

At present, both parametrization methods are indistinctly
utilized in the context of adjoint methods, but no clear under-
standing of their strengths and weaknesses for turbomachinery
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Figure 1 Schematic representation of fluid-dynamic design chain (Vitale et al., 2017).

applications has been gained yet. Stemming from this con-
sideration, the objective of this work is to provide a unified
methodology for a systematic assessment of i) the advantages
and disadvantages of both methods and ii) their impact on the
solution of the design problem, i.e. the final blade shape. A
first comparison of the two parametrization methods is car-
ried out by applying the proposed adjoint-based methodology
to the design optimization of a two-dimensional axial turbine
cascade.

The open-source CFD-suite SU2 (Economon et al., 2015)
is used to carry out the comparison. The adjoint method avail-
able in the SU2 software, which was previously developed to
solve turbomachinery shape-optimization problems with FFD
(Vitale et al., 2017), is adapted to provide gradients informa-
tion with respect to CAD-based design variables.

METHOD
The design chain of the shape optimization algorithm

adopted in this work is summarized in Figure 1. A change in
the design variables, D, causes a variation of the blade shape,
Xsurf, which in turn requires a continuous deformation of the
volume mesh X. The deformed mesh is then given as an in-
put to the flow solver to compute the flow solution, U, and to
estimate the objective function J(U(D),X(D)).

Surface Deformation
Since the use of the surface nodes as design variables

(i.e., D = Xsur f ) may lead to discontinuous solutions, a sur-
face parametrization method, in which

Xsur f = S(D), (1)

is adopted to guarantee that blade geometry is continuously
deformed during the optimization process. Specifically in
this work, two surface parametrization method are used. The
first approach is based on the free-form deformation algo-
rithms (Saderberg and Parry, 1986), while the other makes use
of NURBS curves (Piegl and Tiller, 2012) typically used in
CAD-based design methods.

Free-Form Deformation Parametrization
According to the FFD algorithm, the blade surface, in-

cluded within the FFD box (see Figure 2), can be continuously
deformed by displacing the FFD control points (Pi, j). Con-
sequently, Pi, j are chosen as the design variables, D, of the
optimization problem when the FFD algorithm is selected as
parametrization method.

Figure 2 FFD-Type parametrization. Black dots depict the
control points of the FFD Lattice.

The coordinate of the n-th point of the blade surface mesh
at the k-th optimization step is given by

Xk
surf,n = Xk−1

surf,n +∆Xk
surf,n, (2)

with

∆Xk
surf,n =

q

∑
j=0

o

∑
i=0

Bo
i (dn)B

q
j(gn)(Pk

i, j −Pk−1
i, j ), (3)

where Bo
i and Bq

j are the i-th and j-th Bernstein polynomials,
dn and gn are the values of the parametric coordinates in which
the n-point of Xsurf is mapped.

Computer Aided Design Parametrization
With the CAD-based approach a blade parametrization is

obtained using typical turbomachinery design parameters (i.e.,
blade metal angles (βin,βout), chord (cax), stagger angle (γ) and
the pressure- and suction-side thickness distribution). These
design variables are used to define a set of NURBS curves that
will be used to construct the final blade shape. In this work,
the construction and manipulation of the NURBS curves are
performed using the openNURBS (Robert McNeel Associates,
1993) C++ library.

The procedure used to construct a generic 2D axial blade
is shown in Figure 3. By fixing cax and γ , and selecting an arbi-
trary leading edge position (xLE,yLE), the trailing edge position
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Figure 3 CAD-based parametrization. (a) Illustrates construction of camber-line using blade-characteristics, (b) Thickness
distribution law for the pressure and the suction side (c) top - NURBS control-points for pressure and suction sides bottom
- final blade geometry.

is univocally defined as

xTE = xLE+ cax, (4)
yTE = yLE+ cax tan(γ). (5)

The intersection between the line departing from the LE with
inclination βin and the one departing from the TE in direction
βout defines the point PI. Once PI has been computed, the cam-
berline can be defined using a NURBS curve composed of 4
control points LE, XB1, XB2, and TE, where the two internal
points are customarily selected along the segments LEPI and
PITE. In this way, it is always guaranteed that the camberline
curve exhibits a tangential value at the LE and TE in accor-
dance with the corresponding metal blade angles (see Figure 3
(a)).

The thickness distribution laws for the suction- and
pressure-side are defined with NURBS curves with an arbi-
trary number of control points (see Figure 3 (b)). These laws
are, in turn, used to distribute in a equispaced manner another
set of NURBS control points perpendicular to the camberline
in order to define the blade suction- and pressere-side curves
(see Figure 3 (c)). G1 orG2 continuity can be guaranteed at the
intersection points of the suction- and pressure-side curves by
appropriately distributing the suction and pressure-side control
points around the LE and TE (Piegl and Tiller, 2012).

To summarize, the design variables,D, used to univocally
define the blade coordinates, XCAD, with the CAD-based ap-
proach are: βin, βout , cax, γ , the position of XB1 and XB2, and
all the control points used to define the thickness distribution
laws for the pressure- and suction-side. Thus, the relation be-
tween XCAD and D can be mathematically expressed as,

XCAD = C(D,u), (6)

where C represents all the algorithmic steps need to construct
the blade, and u is the NURBS parametric coordinate.

In order to implement a procedure that is mesh-generation
independent, it is generally assumed in this method that the
blade representationwithin themesh domain ismathematically
different from the one constructed with the CAD-based model,
i.e.

Xsurf ̸= XCAD. (7)

However, if XCAD is constructed so that√
∑N

n=1
[
Xsurf,n −C(D,un)

]2

N
<< 1, (8)

it can be assumed that for each n-th point in the surface mesh

∆Xk
surf,n = Xk

CAD,n −Xk−1
CAD,n = C(Dk,un)−C(Dk−1,un) (9)

where un represents the NURBS local parameter that maps the
n-th point of Xsurf into XCAD using a minimum distance algo-
rithm, and N is the total number of points in Xsurf.

Volume Deformation
Since re-meshing of the computational grid after each de-

sign step can be relatively CPU-expensive, the mesh deforma-
tion method presented in (Dwight, 2006) is applied. In this ap-
proach, the mesh is modeled as an elastic solid using the linear
elasticity equations. Hence, if a surface deformation ∆Xsur f is
imposed as Dirichlet condition, the mesh deformation ∆X can
be computed by solving the following linear systems:

K∆X = T∆Xsur f , (10)

where K is a constant stiffness matrix and T is projection ma-
trix which re-orders ∆Xsur f in accordance with X. The mesh
corresponding to the next iterations k is then given by:

Xk = Xk−1 +∆Xk. (11)
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Flow Solver
As shown in (Vitale et al., 2017), G(U,X) is the fixed

point operator that represents the time integration of the RANS
equations according to an implicit Euler method, i.e.

Un+1 =G(Un,X). (12)

It is assumed that G is stationary only at feasible point U∗ in
which

R(U∗,X) = 0 ⇔ U∗ =G(U∗,X) (13)

where R is the residual vector obtained from the spatial inte-
gration of the flow equations.

Sensitivities Computation
The optimization problem of the design chain describe

above can be expressed as

min
D

J(U(D),X(D)), (14)

s.t. U = G(U,X), (15)
X = M(D) = V(S(D)). (16)

Following the adjoint derivation approach with the Lagrangian
multipliers, the adjoint equation and the mesh sensitivity equa-
tion can be written as

Ū =
∂

∂U
JT (U,X)+

∂
∂U

GT (U,X)Ū, (17)

X̄ =
∂

∂X
JT (U,X)+

∂
∂X

GT (U,X)Ū. (18)

Once a numerical solution for the adjoint variables Ū has been
found, the mesh node sensitivity X̄ is computed from Eq. (18),
and, the total derivative of J with respect to the design variables
is given by

dJ
dD

T
=

d
dD

MT (D)X̄. (19)

The volume deformation and the surface deformation routines
must be differentiated in order to compute the final sensitivity
dJ
dD , as

dM
dD

=
dX

dXsurf
· dXsurf

dD
. (20)

While dX
dXsurf

and dXsurf
dD (only for the case of the FFD

parametrization) are obtained using the algorithmic differen-
tiation tool CodiPack , the surface sensitivity with respect to
the design variables of the CAD-based method are computed
using central finite difference scheme:

dXsurf
dD

=
dXCAD

dD
=
C(D+δ )−C(D−δ )

2δ
. (21)

The finite difference method is found to be accurate with a
maximum variation of 0.001% with different values of δ . The
gradient computation cost is negligible compared to the cost of
one CFD run.

RESULTS AND DISCUSSION
The capabilities of the shape-optimization method de-

scribed in the section above are demonstrated by redesigning
a subsonic turbine stator. The selected stator geometry is the
mid-span 2D section of the first stator from the 1 1/2 stage axial
turbine, previously documented by Stephan et al. (2000). The
flow-domain was discretized using an unstructured grid com-
posed by 28000 grid elements, with hexahedral elements close
to the wall and triangular in rest of the domain. The turbu-
lent equations were closed with the k-ω SST turbulence model
(Menter, 1993), ensuring wall y+ below unity along the blade
surface. Lastly, the boundary conditions used for the the sim-
ulation are summarized in Table 1.

Table 1 Boundary conditions.

Fluid Air [-]
Ttot,in 305.7 [K]
ptot,in 0.149 [MPa]
βin 0.0 [◦]
pout 0.09 [MPa]
Itur,in 0.03 [-](
µtur
µlam

)
in

100.0 [-]

A maximum number of 7000 iterations was set for both
the flow and the adjoint solver in order to guarantee a reduction
of 3 order of magnitude for the residuals of the adjoint equa-
tions (cf. Figure 4). For both solvers, the solutions were ob-
tained by using an Euler implicit time-marching scheme with
a CFL of 10 without resorting to the multi-grid acceleration
technique.
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Figure 4 Convergence of the density conservative variable
for the Flow and Adjoint solvers.

The stator was redesigned by solving the following opti-
mization problem:

min
D

sgen, (22a)

s.t. βout > 70°. (22b)

The entropy generation, sgen, and the flow outlet angle, βout,
were computed using a mixedout average (Saxer, 1992) of the
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flow quantities at the inlet and outlet boundaries. Specifically,

sgen =
sout− sin

v2
spout

Ttot,in

, (23a)

βout = arctan
(

vtang
vax

)
out

. (23b)

Both parametrization method, FFD and CAD, are defined
by 25 design variables. For the FFD method a box with 25
control points is used (cf. Figure 2), whilst the design variables
for the CAD-based model are: βin, βout, γ , c, XB1, XB2, 10
NURBS CPs for suction-side thickness distribution law, and
9 CPs for the pressure-side (cf. Figure 3). In the following,
optimal solution obtained from FFD parametrization will be
referred to as FFD-Optimal and the one computed with CAD-
based model as CAD-Optimal.

In both cases, the selected optimization method is the
SLSQP algorithm (Kraft, 1988), a gradient based optimizer
available in the SciPy library (Jones et al., 2001) within python.
To guarantee a smooth convergence, the step size of the SLSPQ
optimizer was under-relaxed with a value equal to 5E-04 for
both the objective function sensitivity and the constraint sen-
sitivity.

(a) (b)

Figure 5 Sensitivities around the blade profile, (a) Actual
TE Sensitivity (b) Nullified TE Sensitivity.

Finally, to prevent that the optimization converges to the
trivial solution with a sharp trailing-edge, two different strate-
gies were adopted. For the FFD case, the sensitivity around
the trailing-edge was nullified at each optimization iteration
(see Figure 5). For the CAD model, instead, the trailing-edge
thickness wasmaintained by simply excluding the last NURBS
control point of both the pressure- and suction-side thickness
distributions from the optimization (cf. Figure 3 (b)).

Gradient Validation
The gradients of the objective functions with respect to

the design variables of both parametrization methods were val-
idated using the finite-difference scheme. For both FFD and

CAD, a finite-difference step size of 1E-3 was selected. Fig-
ures 6 and 7 show that the gradient provided by the adjoint
of design chain accurately correlate with sensitivities obtained
with finite difference. This confirms that, although the adjoint
equation are only resolved for three orders of magnitude, an
accurate estimation of the gradient is obtained.

5 10 15 20 25
Design Variables (D) [-]

−0.6

−0.4

−0.2

0.0

0.2

S
en
si
ti
v
it
y

∂
J

∂
D

[-
]

FD-Grad

AD-Grad

Figure 6Gradient validation plot for FFDmethod, red repre-
sent finite-difference gradient solution and black represent
Adjoint gradient.
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Figure 7 Gradient validation plot for CAD method, red rep-
resent finite-difference gradient solution and black repre-
sent Adjoint gradient.

Optimization
The normalized optimization history in Figure. 8 shows

that both optimization processes converge within 15 iterations.
In both cases, the entropy generation coefficient is reduced by
approximately 10% and the inequality constraint on the outlet
flow angle is satisfied. Figure 9 displays the baseline and the
optimal blade profiles obtained with FFD and CAD. As can be
observed, the optimization process leads to a more straight rear
suction side and to a higher blade curvature in the front part
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Figure 8 Convergence optimization history for both CAD
and FFD methods.

of the suction side. The consequence thereof is a more pro-
nounced flow acceleration in the vicinity of the cascade throat
and a smoother deceleration towards the trailing-edge, which
is highly beneficial to reduce boundary layer and trailing-edge
losses. This is clearly visible in both the Mach contour and
in the isentropic Mach number distribution along the blade
surface, see Figure. 10 and 11. Furthermore, it is evident
from Figure 10 the advantage offered by the CAD method in
preserving the trailing-edge shape throughout the optimization
process.
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Figure 9 CAD vs FFD vs Baseline.

The advantage of adopting an optimization where the ob-
jective function is based on mixed-out averaging is apparent
from Figure. 12, which shows the pitch-wise Mach number
distribution downstream of the cascade. The optimal geome-
tries ensure increased flow uniformity which allows to reduce
the associated mixing-losses.

Although the fluid-dynamic performance of the optimal
blade shapes are similar, the results provided by this design
exercise point out two interesting considerations. i) Mathe-
matically, the two parameterizationmethods lead the optimizer
to converge to a different blade optimal shape, which indi-

cates that the optimal solution depends on the parameterization
method; ii) the optimization problem as described in Eq. (22)
has multiple optima.

CONCLUSIONS
The present work documents an adjoint-based methodol-

ogy to systematically assess the influence of the parametriza-
tion method on the optimal solution of turbomachinery design
problems and their strengths and weaknesses for such appli-
cations. The study considered two types of parametrization
methods, namely FFD boxes and CAD-based.

The methodology was applied by carrying out shape opti-
mization on a two-dimensional turbine cascade. In light of the
obtained results, the following final remarks can be drawn:

1. The use of FFD boxes ensure high degree of flexibil-
ity, but makes hard to respect prescribed geometrical
constraints, for instance the trailing-edge thickness and
shape.

2. For the same number of design variables, the FFD and
CAD-based lead the optimizer to converge to optimal
blades featuring similar fluid dynamic performance, but
different shape. This is a clear indication that the opti-
mal solution depends on the type of parameterization and,
at the same time, that the constrained optimization prob-
lem as formulated in this paper presents multiple optima.
In other words, the type of parametrization changes the
mathematical relation underlying the specified optimiza-
tion problem.

Further investigations are needed to gain insight of the
dependence of the optimal configuration on the number of de-
sign variables and to draw best practices on the use of FFD
and CAD-based parametrization methods for turbomachinery
applications.

NOMENCLATURE
Symbols
B Bernstein polynomial
C algorithmic step to construct blade
D design variables
G flow solver iterations
I turbulence intensity
J objective function
K stiffness matrix
LE leading edge
M mesh deformation matrix
N number of surface points
P control points
PS pressure side
PI intersection point
R residual vector
S parametrization method
SS suction side
T projection matrix
T E trailing edge
T temperature
U conservative variable vector
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Figure 10 Mach contour.
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Figure 11 Isentropic Mach number distribution on the sur-
face of baseline, CAD and FFD blade.

V volume
X vector of coordiantes
a−h thickness distribution points
cl camberline line distance
d,g FFD co-ordinates
p pressure
s entropy
u NURBS parametric coordinate
v velocity magnitude
x,y cartesian co-ordinates
z loss coefficient

Greek letters

0.03 0.04 0.05 0.06 0.07
Y-Distance (y) [meters]

0.73

0.74

0.75

0.76

0.77

0.78

0.79

0.80

0.81

O
u
tl
et

M
ac
h
N
u
m
b
er

(M
o
u
t
)
[-
]

baseline

FFD-3

CAD-3

Figure 12 Pitch-wise Mach number distribution down-
stream of the cascade.

β blade angle
δ small difference
µ viscosity
γ stagger angle
∆ difference

Superscripts
k optimization step

Subscripts
CAD Computer Aided Design
ax axial
baseline baseline
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ext extrapolated
gen generation
i,j numbers
in inlet
is isentropic
kin kinetic
old old
out outlet
spout spouting
surf surface
tot total conditions
tang tangential
turb turbulence
visc viscous
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