
..

Proceedings of Montreal 2018 
Global Power and Propulsion Forum 

7th - 9th May, 2018
www.gpps.global

GPPS-NA-2018-130

Assessment of fully-turbulent steady and unsteady adjoint sensitivities for
stator-rotor interaction in turbomachinery

A. Rubino, S. Vitale, M. Pini and P. Colonna
Propulsion & Power,

Delft University of Technology
Kluyverweg 1, 2629HS, Delft, the Netherlands

m.pini@tudelft.nl

Abstract
Adjoint-based shape optimization methods for turboma-

chinery are mainly derived under steady-state assumption.
However, due to the inherent unsteadiness of turbomachin-
ery flows, including unsteady effects in the design process
can pave the way to further performance gains and to con-
sider multi-disciplinary time-dependent optimization prob-
lems (e.g. noise minimization and fatigue). In this paper, the
adjoint-sensitivities obtained with steady and unsteady meth-
ods are compared by considering an exemplary axial turbine
stage. The steady calculations are performed by using a flux-
conservative mixing plane method. The unsteady results are
obtained with a harmonic-balance method using a slidingmesh
interface, thus mitigating the high computational costs asso-
ciated with time-accurate unsteady adjoint, while retaining a
sufficient level of accuracy for design purposes. Results show
relevant differences between steady and unsteady adjoint sen-
sitivities, with higher deviations in the rotor.

INTRODUCTION
Adjoint-based CFD turbomachinery optimization has

gained increasing popularity over the last years due to the ad-
vantages in dealing with problems characterized by a large
number of design variables at affordable computational cost.
Thanks to this, adjoint-based optimization offers the possibil-
ity to fully exploit the ever increasing computational power to
accomplish novel and unconventional turbomachinery design.

To date, despite the intrinsically time-varying nature of
turbomachinery flows, adjoint-based methods mostly rely on
steady state approaches. However, the use of unsteady-based
design could lead to major steps forward in performance
improvement for the next generation of turbines and com-
pressors (Yi and Capone, 2017), allowing to tackle multi-
disciplinary problems.

Time-accurate adjoint methods are well-established but

their industrial use is very limited, due to the excessive com-
putational cost of both the direct flow solution and the I/O
overhead associated with the reverse adjoint mode (Mavriplis,
2006). The harmonic balance (HB) method (Hall et al., 2002;
Gopinath et al., 2007) is a cost-effective alternative to time-
accurate adjoint for non-linear time periodic flow problems,
thus it is highly attractive for turbomachinery applications.

The goal of this work is to perform an assessment be-
tween steady and HB-based unsteady design sensitivities, in-
vestigating the impact of unsteady effects on the aerodynamic
design of turbomachinery. Computational cost, memory re-
quirements are considered as comparison terms, by using both
steady and unsteady methods.

The steady-state adjoint calculations are performed by re-
sorting to mixing plane (MP) approach, whereas the unsteady
analysis is carried out with a sliding mesh interface and solved
with a harmonic balance (HB) method. A duality preserving
approach is used in order to ensure robust convergence of the
adjoint equations without any restrictive assumption on the tur-
bulence viscosity. The two methods are implemented in the
open-source SU2 software (Palacios et al., 2013; Economon
et al., 2015), whose adjoint has been extended in this work to
compute multi-row HB-based sensitivities.

The investigation is performed on an axial turbine stage
for both subsonic and transonic conditions, thus resembling the
typical flow characteristics of gas turbine stages.

METHOD

Given the vector of the conservative variables U =
(ρ,ρv1,ρv2,ρv3,ρE) in which ρ is the density, E the total
specific energy and R the spacial operator of the convective
and viscous fluxes, the linearised form of Navier-Stokes equa-
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tions, discretized both in space and time, can be written as(
ΩI
∆τ

+J
)

∆U = R̂(Uq) , (1)

as shown in Ref. (Rubino et al., 2017a), in which ∆U = Uq −
Uq−1. In the case of a steady-state calculation

R̂(Uq) = R(Uq) , (2)

whereas for an unsteady computation using the harmonic-
balance method

R̂(Uq) = R(Uq)+H∆U+HUq . (3)

H is the harmonic balance operator, calculated by applying the
Fourier transform for a set of K tonal frequencies (i.e. frequen-
cies that are not necessarily integer multiple of a fundamental
harmonic). H is a N x N matrix, with N = 2K + 1 the num-
ber of resolved time instances. A more detailed description is
given in Ref. (Naik, 2017; Rubino et al., 2017a).

Starting from (1), the corresponding fully-turbulent ad-
joint equations are derived using a duality preserving ap-
proach (Vitale et al., 2017; Rubino et al., 2017b), without any
restrictive assumption on the turbulent viscosity. Given the
optimization problem

minimize
α

J (U(α),α)

subject to Un(α) = Gn(U(α),α), n = 0,1, ...N −1
(4)

the final form of the harmonic balance adjoint equations is

∂J

∂Un

⊺
+

N−1

∑
k=0

λk
∂Gk

∂Un

⊺
= λn . (5)

In (4), J is a generic objective function, Un the conserva-
tive variable vector relative to the n-th time instance and G the
fixed-point iteration operator such as

R̂(U∗) = 0 ⇐⇒ U∗ = G (U∗) . (6)

For a steady-state optimization problem (i.e. N = 0), (5) sim-
plifies to

∂J

∂U0

⊺
+λ0

∂G0

∂U0

⊺
= λ0 . (7)

Once the adjoint solutions λn are calculated, the final design
sensitivity gradient is given by

dJ

dα
=

∂J

∂α
+

N−1

∑
n=0

λ ⊺
n

∂Gn

∂αn
. (8)

The derivatives ∂J
∂α , ∂J

∂U , ∂G
∂α ,

∂G
∂U are computed, at each iter-

ation, by resorting to the reverse mode of the Algorithmic Dif-
ferentiation (AD) tool CodiPack (Albring et al., 2016; Sage-
baum et al., 2017).

The open source code SU2 (Palacios et al., 2013;
Economon et al., 2015) is extended in this work to account for
HB multi-row turbomachinery simulations and to compute the
corresponding fully-turbulent adjoint-based design gradients.

CASE STUDY
The test case considered for the present study is a two-

dimensional axial turbine stage, adapted from the 1.5 stage ex-
perimental setup of the Institute of Jet Propulsion and Turbo-
machinery at RWTH Aachen, Germany (Stephan et al., 2000).
The mid-span geometries of the first two blade rows, from the
above mentioned setup, are selected for the subsequent anal-
ysis reported in this paper (Fig.3). In order to compare the
design sensitivities, for both unsteady and steady state adjoint
computations, the proposed test case is simulated under sub-
sonic (Case1) and transonic (Case2) conditions, thus resem-
bling the typical flow characteristics of a gas turbine stage. The
main simulation parameters are reported in Tab. 1.

The simulations are performed using the Roe scheme for
the discretization of the convective fluxes; second order accu-
racy is achieved byMUSCL reconstruction. For both unsteady
and steady simulations, non-reflective boundary conditions are
imposed (Giles, 1990) at the stator inlet and at the rotor out-
let sections. The stator-rotor interface is resolved for the un-
steady simulations using a sliding mesh approach, whereas the
steady simulations are based on a conservative mixing-plane
(MP) method (Giles, 1991). The k-ω SST turbulent model is
considered with fully resolution of the viscous sublayer. An
unstructured grid is used to discretize the 2D computational
domain with about 30000 triangular elements for each blade
row and 10000 quad elements over each blade surface in order
to ensure y+ ≈ 1.

Table 1 Axial turbine stage: main simulation parameters.

Parameter Case1 Case2 Unit
Stator inlet blade angle 0 0 [◦]
Total temperature 305.8 305.8 [K]
Pressure ratio 1.5 1.9 [-]
Rotational speed 3210 4258 [rpm]
Inlet turbulence intensity 5% 5% [-]
Turbulent viscosity ratio 100 100 [-]

In this work, the selected objective function (OF) for the
calculation of the design sensitivities is the non-dimensional
entropy generation of the stage, defined as

sgen =
⟨ss,out⟩−⟨ss,in⟩

v2
0/T0s,in

+
⟨sr,out⟩−⟨sr,in⟩

v2
0/T0s,in

. (9)

In (9), ⟨ss,in⟩ and ⟨ss,out⟩ are the stator inlet and outlet entropy
values averaged over the boundary using a mixed-out proce-
dure (Saxer, 1992), whereas ⟨sr,in⟩ and ⟨sr,out⟩ indicate the same
quantities calculated for the rotor. v0 is the 'spouting' velocity,
namely the velocity that the flow would reach by expanding
the flow isentropically from the total inlet pressure to the stage
outlet static pressure.

RESULTS
The values of the entropy generation, i.e. the optimisa-

tion objective function, are calculated for both mixing plane
and harmonic balance simulations of the selected case study.
This is accomplished in order to compare the performance of
the stage obtained by the two methods and select an appropri-
ate number of time instances to resolve. Figure. 1 shows the
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evolution in time of the entropy generation, sgen, calculated for
a different number of time instances as well as the value given
by the steady state mixing-plane (MP) method.
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(a) Case1: entropy generation.
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Figure 1 Unsteady (HB) vs steady (MP) non-dimensional
entropy generation: Case1 - subsonic flow (a) and Case2 -
transonic flow (b).

Case1 - Subsonic stage Case1 refers to the stage charac-
terized by subsonic conditions. The stage operating condi-
tions adopted in the simulation are reported in Tab.1. Fig. 2
shows the normalized distribution of the static pressure over
the blade profiles at different time instances as well as the the
time-average HB and the MP solutions. The mixing-plane in-
terface leads to a static pressure at the outlet of the stator about
4.5% higher than the one attained by the harmonic-balance
simulation, resulting in a lower stator loading and a higher ro-
tor expansion ratio. The steady state value of sgen differs of
about 4% when compared with the HB time-average solution.
The max peak is about 41% of the mean value, for the entropy
generation (Fig. 1a), and about 3% in the case of the stage total-
to-static efficiency.

Case2 - Transonic stage The transonic flow characteristics
of Case2 are attained with the same stage geometry of Case1
but at an expansion ratio about 27% higher (see Tab.1). The en-
tropy generation predicted by the MP is about 7.5% lower than
the HB time-average value, whereas the relative difference on
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Figure 2 Case1. Pressure distribution along the stator (a)
and rotor (b) profile, adimensionalized using the total inlet
pressure of the stage.

the total-to-static efficiency is only about 0.3%. As opposed to
Case1, in this test case shocks occur on both stator and rotor
as depicted in Fig. 4. The harmonic-balance simulation proved
to be able to reproduce the non-linear flow characteristics as-
sociated to the different stator-rotor mutual positions in time.
When accounting for unsteady effects, both stator and rotor
exhibit a stronger shock wave intensity compared to the mix-
ing plane simulation, with the flow discontinuity appearing at
a location different from that provided by the time-average HB
solution. Figure 3 reports the non-dimensional pressure con-
tour plot, for both MP and HB simulations.

Design sensitivity
As mentioned in the CASE STUDY section, the entropy

generation sgen(U,α) defined in (9) is selected as objective
function for the optimisation problem (4). α is the set of de-
sign variables corresponding to the control points of a Free-
Form Deformation (FFD) box (Samareh, 2004) encapsulating
the blade profiles, as shown in Fig. 5 for a set of twelve vari-
ables on the stator surface.

For both mixing-plane and harmonic balance method, the
design sensitivities are retrieved from the adjoint solution ac-
cording to (8). This sensitivities correspond to the gradient
given by the total derivative of the entropy generation with re-
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(a) MP Pressure Contour.

(b) HB pressure contour at t = 0.

(c) HB pressure contour at t = 1
3 T .

(d) HB pressure contour at t = 2
3 T .

Figure 3 Case2: non-dimensional pressure contours for
the mixing plane (MP) simulation (a) and harmonic balance
(HB) at diffent time instances (b,c, d ).

spect to the FFD control points, dsgen
dα . Fig.6 reports the valida-

tion between the objective function gradients obtained with the
reverse mode of Algorithmic Differentiation (AD) and the gra-
dients calculated with second-order finite differences (FD), for
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Figure 4 Case2. Pressure distribution along the stator (a)
and rotor (b) profile, adimensionalized using the total inlet
pressure of the stage.
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Figure 5 Free From deformation box of the stator with con-
trol variables.

Case1. The AD and FD gradients, calculated with respect to
a representative ensemble of 24 FFD control points enclosing
the stage blade rows, are well in agreement. The Root Mean
Square Error (RMSE) lower than 0.004 for both Mixing Plane
and Harmonic Balance method. The same level of accuracy
was achieved when validating AD vs FD gradients for Case2.

The computational cost and memory requirements asso-
ciated with the HB-based adjoint sensitivities are about 2K+1
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Figure 6 Verification of the normalized entropy generation gradients obtained with the adjoint solution and second order
finite difference (FD). Mixing Plane (a) and Harmonic Balance (b) results.

higher than the MP-based gradients computations. The CPU
time linearly increases with the number of resolved number
of frequencies K because, for the time domain HB method
adopted in this work, the system of equations given in (1) is
solved in a segregatedmanner for each time instance. From the
details about the derivation of the HB operator (Gopinath et al.,
2007; Rubino et al., 2017a) it can be deduced that, for K input
frequencies, 2K +1 time instances must be resolved. Here an
odd formulation of the time domain HB method is adopted to
preserve numerical stability (Gopinath et al., 2007). Since, in
terms of CPU time, the mixing plane computation can be re-
garded approximately as a single time instance resolution, the
associated computational cost is 2K+1 lower when compared
to the HB-based method. The memory requirements follow
the same considerations as for the CPU time: for K resolved
harmonics, 2K +1 computational domains, relative to each of
the associated 2K+1 time instances, must be considered. As a
result, the memory burden attained by the HBmethod is 2K+1
higher than the steady-state calculation.

With the aim of preliminary assess whether accounting
for unsteady effects can influence the optimal design in stator-
rotor interaction problems, the adjoint-based design gradients
obtained with the MP and HB method are computed and anal-
ysed for the two mentioned stage operating conditions, i.e.
Case1 and Case2 (see Tab. 1). Furthermore, in order to iden-
tify where the main differences between MP and HB-based
sensitivities occur on the computational domain, the absolute
value of the relative difference δsgen is introduced and defined
as

δsgen =

∣∣∣∣∣ (
dsgen
dα )HB − (

dsgen
dα )MP

(
dsgen
dα )HB

∣∣∣∣∣ . (10)

The values of δsgen are computed for each control point of the
FFD box and interpolated, for the rest of the domain, using a
bicubic polynomial response surface.

Case1 - Subsonic stage Fig. 7 depicts the relative differ-
ences between the MP and the HB objective function gradi-
ents, relative to the set of 24 design variables. For the stator

blade, this difference is below 7% whereas, for the rotor blade,
it is as high as 63%.

Fig. 8 details the areas on the stage characterized by the
largest values of δsgen . In the stator (Fig. 8a ), the portion of the
domain close to the trailing edge is the one showing the highest
values of δsgen . This is possibly related to two main reasons: 1.
when compared to the sliding-mesh interpolation used for the
HB method, the MP leads to a different static pressure at the
stator-rotor interface, hence at the stator outlet; 2. the unsteady
potential stator-rotor interaction effects are not taken into ac-
count by the MP. The relative difference between the MP and
the HB gradients is more remarkable in the rotor, where it is in
average one order of magnitude higher than in the stator. From
Fig. 8b the zone in the proximity of the rotor leading edge is
the one associated with the highest δsgen value. Such difference
is mainly due to the simplification introduced by the MP sim-
ulation, in which the stator wake interaction with the rotor is
neglected by resorting to a mixing process at the blade rows
interface. Furthermore, at the rotor inlet boundary, the MP im-
poses a pressure about 4% higher than that calculated by the
HB method.

Case2 - Transonic stage The adjoint-based sensitivities,
relative to the test case configuration characterized by a tran-
sonic flow, show an overall outcome comparable with the sub-
sonic stage: the main gradient differences are associated to
the rotor cascade (Figs. 9 and 10). Also in this case, the rel-
ative difference on the stator are about one order of magni-
tude lower than those on the rotor. From a closer inspection
of Fig. 10b, the deviations between MP and HB-based sensi-
tivities are lower in magnitude when compared to Case1 but,
differently from the subsonic stageof Case1, they also show
a sensible contribution by the control points located near the
suction side and the rear part of the rotor blade. This differ-
ence can be explained by recalling that, for Case2, a shock
wave pattern crosses the stator-rotor interface. The resulting
flow discontinuity interacts with the stator wake dissipating
the associated velocity defects before reaching the rotor lead-
ing edge. However, the shock interacts with the rotor altering
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Figure 7 Case1: Mixing Plane vs Harmonic Balance normalized entropy generation gradients obtained with the adjoint
solution.
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Figure 8 Case1: Contour plots of the relative difference (δsgen ) between the design variables gradient calculated with the
Mixing Plane and the one obtained from a Harmonic Balance simulation. The contour maps are calculated using a bicubic
interpolation of the gradients relative to the 12 design variables, for both stator (a) and rotor (b).

its pressure distribution (Fig. 4) along the stream-wise direc-
tion. The non-linear variation of the shock location, related to
the unsteady position of the rotor in time, is not captured by
the mixing plane steady-state simulation. This results in high
values of δsgen not only near the rotor leading edge, as opposed
to Case2.

CONCLUSIONS
This work documents an assessment between steady and

harmonic-balance unsteady adjoint sensitivities for turboma-
chinery design problems involving unsteady effects. In this
study, the open source code SU2 was extended in order to deal
with unsteady HBmulti-row simulations and the calculation of
the corresponding adjoint-based sensitivities.

An exemplary axial turbine stage, operating at subsonic
and transonic conditions, was considered. The adjoint-based
gradients were successfully validated against second order fi-
nite differences. Results showed that, compared to steady
state calculations, the harmonic balance sensitivities are about
2K +1 more costly, with K the number of resolved input fre-

quencies. Memory requirements exhibit the same trend, with
higher allocation needed for the harmonic-balance computa-
tion.

Although the steady calculations accurately predicted the
time-average stage performance, the design gradients, as com-
puted by the mixing plane and the harmonic balance method,
were found to be significantly different for both subsonic and
transonic flow conditions.

The areas in which this difference was predominant are
located in the proximity of the stator-rotor interface. Possi-
ble reasons for such divergence are: 1. the different pressure
imposed by the mixing-plane method at the stator-rotor inter-
face; 2. the unsteady calculations are able to capture potential
and wake-rotor interaction effects. The assessment conducted
in this work indicates that accounting for unsteady effects in
the design process may lead to a different optimal configura-
tion. In order to confirm the present results, current efforts are
devoted to extend the adjoint-based method presented in this
study to the shape optimization of turbomachinery problems
involving stator-rotor interactions.
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Figure 9 Case2: Mixing Plane vs Harmonic Balance normalized entropy generation gradients obtained with the adjoint
solution.
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Figure 10 Case2: contour plots of the relative difference (δsgen ) between the design variables gradient calculated with the
Mixing Plane and the one obtained from a Harmonic Balance simulation. The contour maps are calculated using a bicubic
interpolation of the gradients relative to the 12 design variables, for both stator (a) and rotor (b).
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NOMENCLATURE
c Axial chord [m]
E Total specific energy [J/kg]
G Fixed-point iteration operator
H Harmonic balance operator matrix
I Identity matrix
J Jacobian matrix
J Objective function
P Pressure [Pa]

R Numerical fluxes residual operator
sgen Non-dimensional entropy generation [-]
U Conservative variables vector
t Time [s]
Tref Time period [s]
Tref Reference time period [s]
v0 Spouting velocity [m/s]
vi Velocity in the i-th direction [m/s]

Greek symbols
α Set of design variables
δsgen Entropy gen. gradients rel. difference [-]
ρ Density [kg/m2]
x Cartesian coordinate [m]
y Cartesian coordinate [m]

Subscripts/Superscripts
0 Total (stagnation) quantity
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in Relative to the inlet
n Relative to the n-th time instance
out Relative to the outlet
q Relative to the q-th iteration
rot Relative to the rotor
r Relative to the rotor
s Relative to the stator
stat Relative to the stator

Abbreviations
AD Algorithmic differentiation
FD Finite difference
FFD Free form deformation
MP Mixing plane
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