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ABSTRACT 
Time-Space multigrid (TS-MG) method can not only 

stabilize the solution but also accelerate convergence in a 

harmonic balance unsteady flow analysis. However, the main 

drawback of the application of the time-space multigrid 

method to the harmonic balance method (HB) is the overhead 

due to discrete Fourier transform (DFT) and inverse discrete 

Fourier transform (IDFT) as needed for data exchange 

between different grid levels. Different from the harmonic 

balance method, the nonlinear frequency domain method 

(NLFD) performs time marching on equations of temporal 

Fourier coefficients in frequency domain. When applying the 

time-space multigrid method to the nonlinear frequency 

domain method, DFT/IDFT is not an overhead, as it is already 

part of the original process. The reduction in CPU time will be 

more obvious in comparison with the application of the time-

space multigrid method to the harmonic balance method. In 

this paper, it is the first time that the TS-MG method will be 

applied to the NLFD method. First the detailed algorithm of 

the TS-MG method applied to the NLFD method will be 

discussed and then a careful study of its CPU time and solution 

accuracy with different number of harmonics on coarse grids 

will be presented. Two cases including a two dimensional 

transonic diffuser case and a two dimensional cascade case are 

used to validate the effectiveness of the time-space multigrid 

method applied to the nonlinear frequency domain method. 

Keywords: time-space multigrid, DFT/IDFT, harmonic 

balance, nonlinear frequency domain 

NOMENCLATURE 

A = area of control volume(m2) 

c = speed of sound(m/s) 

CFL = Courant number 

E = time spectral source term matrix 

�⃗� = flux vector 

𝐹𝑐⃗⃗⃗⃗  = convective flux vector 

𝐹𝑑⃗⃗⃗⃗⃗ = artificial dissipation flux vector 

𝐹𝑣⃗⃗⃗⃗  = viscous flux vector 

h, 2h = a finer grid and a coarser grid 

𝑖𝑘 = the 𝑖𝑘-th time marching level 

N = the number of harmonics 

𝑃𝑟𝐿 , 𝑃𝑟𝑇  = laminar and turbulent Prandtl numbers 

q = conservative variable vector 

�̂� = Fourier coefficients of conservative variable 

R = residual 

�̂� = Fourier coefficients of residual 

t = physical time(s) 

T = temperature(K) 

U = wave speed (m/s) 

�⃗� = velocity(m/s) 

ρ = density(kg/m3) 

α𝑚  = coefficients for Runge-Kutta iteration 

𝜇𝐿 , 𝜇𝑇 = laminar and turbulent dynamic viscous 

 coefficients(Pa*s) 

ω = angular frequency 

�̅� = grid reduced frequency 
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γ = ratio of specific heat 

Λ𝑐
𝐼 , Λ𝑐

𝐽
 = spectral radii of convective flux Jacobians 

 at I and J directions respectively 

Λ𝑣
𝐼 , Λ𝑣

𝐽
 = viscous spectral radii at I and J directions 

 respectively 

∆x = the grid size (m) 

Δτ = pseudo time step (s) 

INTRODUCTION 

The time-space multigrid method [1-2] is a very efficient 

method of simultaneously stabilizing solution and 

accelerating convergence in a harmonic balance analysis. Due 

to the fact that fewer number of harmonics is used on coarse 

grids, the number of equations being solved is also reduced. 

Moreover, the reduced number of harmonics on coarse grids 

does not adversely affect the number of iterations needed to 

reach convergence [2]. This will save time cost to a great deal. 

According to the definition of grid reduced frequency, it is 

known to us that its value is directly determined by the number 

of harmonics being retained in an analysis and grid sizes [3-

4]. If the number of harmonics on different grid levels remains 

the same as that for the traditional multigrid method(T-MG) 

[5-7], the maximum grid size will increase when coarsening 

the grid. The stiffness issue [8-9] will get worse and even 

instability occurs. Hall [3-4] studied the relationship between 

the maximum allowable Courant number and the maximum 

grid reduced frequency for the explicit four-stage Runge-

Kutta time marching method. He found that with the increase 

of the maximum grid reduced frequency, the maximum 

allowable Courant number will reduce to a great deal. An 

increased number of iterations will be needed for 

convergence. This will increase the consumption of CPU time. 

Although the existing implicit schemes like the Block Jacobi 

method [8] can relieve the stiffness issue, these schemes are 

difficult for parallel computation. An efficient time-space 

multigrid method can tackle this problem. This method 

reduces the maximum grid reduced frequency by decreasing 

the number of harmonics on coarse grids. This is found to 

relieve the stiffness issue and enhance stability.   

 However, the main drawback of the time-space 

multigrid method applied to the harmonic balance method [10-

12] is the overhead due to discrete Fourier transform and 

inverse discrete Fourier transform as needed for data exchange 

between different grid levels. Different from the harmonic 

balance method, the nonlinear frequency domain method [13-

20] performs time marching on equations of temporal Fourier 

coefficients in frequency domain [21-23]. To do this, at each 

iteration, it uses the DFT to transform both the residual and 

conservative variables from the time domain to the frequency 

domain. When applying the time-space multigrid method to 

the nonlinear frequency domain method, DFT/IDFT is not an 

overhead, as it is already part of the original process. It is 

expected that the reduction in CPU time will be more obvious 

in comparison with the application of the time-space multigrid 

method to the harmonic balance method.  

In this paper, this is the first time that the TS-MG method 

is used to stabilize the solution and accelerate the convergence 

of the nonlinear frequency domain equation system. First a 

brief introduction of the governing equations and the nonlinear 

frequency domain method will be made. Then, the algorithm 

of the application of the TS-MG method to the HB and NLFD 

will be introduced. In the following part, a careful study of its 

CPU time and solution accuracy with different number of 

harmonics on coarse grids, will be presented. Two cases 

including a two dimensional transonic diffuser case and a two 

dimensional cascade case will be used to demonstrate the 

effectiveness of the time-space multigrid method applied to 

the nonlinear frequency domain method.  

GOVERNING EQUATIONS 

For an arbitrary control volume  , the Navier-

Stokes(NS) equation in an integral form is given as follows 

 

 ( ) 0
d

qdA F n dS
dt 



+ • =    (1) 

 

Where q  is the conservative variable. In this paper, the 

space discretization is accomplished using the central scheme  

with the scalar artificial viscosity. Therefore, flux vector F  

includes three components 

 

 c d vF F F F= + −   (2) 

 

To save space, their detailed forms will be not repeated 

here, and the interested readers can refer to reference [2]. Let 

R to represent the second term on the left of equation (1), and 

the governing equation in a semi-discretized form is given as 

follows. 

 

 0
q

A R
t


+ =


  (3) 

 

Use truncated Fourier series to represent q, and we have 

 

 ˆ
k N

jk t

k

k N

q q e 
=

=−

=   (4) 

 

Based upon equation (4), the first-order time derivative 

of q can be obtained. 

 

 ˆ( )
k N k N

jk t

k k

k N k N

q
j k q e d q

t

 
= =

=− =−


= =


   (5) 

 

Where 

 

 𝑑𝑘 = {
1

2
(−1)𝑘+1𝑐𝑜𝑠𝑒𝑐 (

𝜋𝑘

𝑛
) , 𝑘 ≠ 0

0, 𝑘 = 0
  

 

 

To simplify writing, let 𝐸𝑞 replace equation (5).  

 

 0EqA R+ =  (6) 

 

Add the pseudo time term to equation (6) for time 

marching. 

 

 0
q

A EqA R



+ + =


 (7) 

  

Equation (7) is the governing equation of the HB method. 

Different from the HB method, residual will also be 

represented by truncated Fourier series for the NLFD method. 
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 ˆ
k N

jk t

k

k N

R R e 
=

=−

=   (8) 

 

Substitute equation (5) and (8) into equation (3), and we 

can obtain the following equation 

  

 ˆˆ 0k kjk q A R + =  (9) 

For time marching, add the pseudo time term to equation 

(9). 

 
ˆ ˆˆ 0k k

q
A jk q A R




+ + =


 (10) 

     

Equation (10) is the governing equation of the NLFD 

method. 

In this paper, the four-stage Runge-Kutta method is used 

to time march the equations (7) and (10). To accelerate 

convergence rate, the local time-stepping method is used. The 

time step is determined using the following formula 

 
,

,

,( )

i j

i j I J I J

c c v v i j

V
CFL

C N V



 =

 + +  + +
 

   

  (11) 

C  is constant and set to four. 

 
I

c and 
J

c are given as follows. 

  

 (| | )I I I

c v n c S = • +    (12) 

 

 (| | )J J J

c v n c S = • +   (13) 

 
I

v  and 
J

v  are shown in the following.  
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 = +  (14) 

 

  

 

24 ( )
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J
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v
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V

 

 


 = +  (15) 

 

In equations (14) and (15), the ratio of specific heat ( ) , 

the laminar (Pr )L  and turbulent (Pr )T Prandtl numbers are 

held constant at 1.4, 0.72 and 0.9. L  is obtained using the  

Sutherland’s law. 

 

 

3

2
61.45

10
110

L

T

T
 −=

+
  (18) 

 

T is obtained by solving the Spalart-Allmaras turbulence 

model.  

The algorithms of HB and NLFD are shown in Figures 1 

and 2 respectively. 

Figure. 1 The dataflow diagram of the HB method. 

    From Figure 1, it can be seen that the HB method starts 

from 𝑞𝑖𝑘 and then compute the residual (𝑅(𝑞𝑖𝑘)) in the time 

domain. In the end, use the four-stage time marching method 

to obtain the updated conservative variables (𝑞𝑖𝑘+1). 

Figure. 2 The dataflow diagram of the NLFD 

method. 

 

However, different from the HB method, the NLFD 

method directly obtains the Fourier coefficients of 

conservative variables. First, the initial values of the Fourier 

coefficients (�̂�𝑖𝑘) of conservative variables are given. Then, 

use inverse discrete Fourier transform (IDFT) to obtain the 

conservative variables at different time instants. In the next 

step, solve the governing equations based upon 𝑞𝑖𝑘 to obtain 

the corresponding residual (𝑅(𝑞𝑖𝑘)). To obtain the Fourier 

coefficients of residual (�̂�𝑖𝑘), the discrete Fourier transform 

(DFT) is used. Finally, the four-stage Runge-Kutta method is 

used to obtain the updated Fourier coefficients of conservative 

variables. 

Figure. 3 The relationship between the 

maximum allowable Courant number and the 

maximum grid reduced frequency for a straight 

tube. 

STABILITY 

The definition of the maximum grid reduced frequency is 

given as follows. 

 

 
max

max

( )
=N

x

U
 


 (19)

  

In equation (19), the value of the maximum grid reduced 

frequency is directly determined by the number of harmonics 

retained in the frequency domain analysis and the grid sizes. 

The traditional mutigrid method uses the same number of 

harmonics on both the finest grid and coarse grids. When 

coarsening the grid, the maximum grid size will increase, and 

at the same time the maximum grid reduced frequency will 

also increase. The stiffness issues will be worse, which can 

badly affect the convergence and even lead to the occurrence 

of instability. Hall [3-4] found that to stabilize the explicit 
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solution with four-stage Runge-Kutta time marching method, 

there is a need to use very small Courant number. The 

relationship between the maximum grid reduced frequency 

and the maximum allowable Courant number for a straight 

tube is shown in Figure 3. It can be seen from this figure that 

with the increase of the maximum grid reduced frequency, the 

maximum allowable Courant number will decrease. 

To reduce the maximum grid reduced frequency, the 

time-space multigrid method which uses fewer number of 

harmonics on coarse grids is proposed. The time-space 

multigrid method does not need to reduce the maximum 

allowable Courant number but directly reduce the maximum 

grid reduced frequency by using the reduced number of 

harmonics on coarse grids. Due to the fact that the number of 

governing equations needed to be solved on coarse grids will 

be reduced, this method can also reduce the CPU time required 

for convergence.  

TIME-SPACE MULTIGRID METHOD APPLIED TO 
HARMONIC BALANCE METHOD 

To make sense of the algorithm of the time-space 

multigrid method, we first make a brief introduction of the 

distribution of the time instants at the time axis.  

 

 , ( 1,..., 2 1)
2 1

f i f

f

i
t T i N

N
= = +

+
 (20) 

 

 

 , ( 1,..., 2 1)
2 1

c i c

c

i
t T i N

N
= = +

+
 (21) 

  

The distribution of the time instants on a finer grid (𝑁𝑓 =
2) and a coarser grid (𝑁𝑐 = 1) is shown in Figure 4.  

Figure. 4 The distribution of the time instants 
on a finer grid and a coarser grid. 

 

It is known to us that the HB method solves the governing 

equation at the given time instants. From Figure 4, it can be 

found that the variables on a finer grid do not have 

corresponding ones on a coarser grid. To realize solution 

restriction from a finer grid to a coarser grid and solution 

prolongation from a coarser grid to a finer grid, Wu and Wang 

[1-2] use DFT/IDFT. The whole dataflow diagram is shown 

in Figure 5.  

 
Figure. 5 The dataflow diagram of the time-

space multigrid method for the harmonic balance 

method. 

First, the time marching method is used to obtain the 

updated conservative variables on a finer grid (𝑞ℎ
𝑖𝑘+1(𝑡𝑓,𝑖)).  

 
1, 1, 1 1, 1

1( ( ))k k k ki m i i m i m

h h h h mq q CFL AEq R q
A


+ + − + −

−


= − +

   

  (22) 

 

Second, calculate the residual (𝑅ℎ
𝑖𝑘+1(𝑡𝑓,𝑖)) in the time 

domain. 

Third, use DFT to obtain the Fourier coefficients of both  

 

the conservative variables (𝑞
𝑘

𝑖𝑘+1̂) and the residual (𝑅𝑘
𝑖𝑘+1).  

 

 

 

2 1

1

1

1
ˆ ( ,..., )

2 1

f

k i

N

i jk t

k i f f

if

q q e k N N
N



+

+ −

=

= = −
+
  

 

  (23) 

 

 

2 1

1

1

1ˆ ( ,..., )
2 1

f

k i

N

i jk t

k i c c

if

R R e k N N
N



+

+ −

=

= = −
+
  

   

  (24) 

Despite that only 2𝑁𝑐 + 1  Fourier coefficients of 

conservative variables are enough to reconstruct the solution, 

all 2𝑁𝑓 + 1 Fourier coefficients are obtained. This is because 

the high-order Fourier coefficients are needed to update the 

solution in the later step. 
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Fourth, use IDFT to reconstruct the conservative 

variables and the residual. 

 

  
1 1ˆ ( ,..., )

c

k k i

c

N
i i jk t

i k c c

k N

q q e k N N
+ +

=−

= = −  (25) 

 

 

  
1 1ˆ ( ,..., )

c

k k i

c

N
i i jk t

i k c c

k N

R R e k N N
+ +

=−

= = −  (26) 

  

Fifth, restrict both the conservative variables and residual 

from a finer grid to a coarser grid.  

 

 

 

   

1 1
1

, ,

0

2h , 1 1

,

( )

( )

k

j i
i

i j h i j

j j i i

I J j i

i j

j j i i

A q

q

A

+ +
+

= =

+ +

= =

=




 (27) 

 

 

 

  

1 1

2h , ,( ) ( )
j i

I J h i j

j j i i

R R
+ +

= =

=  (28) 

 

Sixth, obtain 𝑅2ℎ
0  by the solution of the governing 

equations.  

Seventh, compute the forcing function. 

 

  
0

2 2h 2= -Rh hQF R  (29) 

 

Eighth, use the time marching method to obtain the 

updated conservative variables on a coarser grid. 

Nineth, obtain the solution increment on a coarser grid. 

 

   
1 0

2 2 2
ki

h h hq q q
+

 = −  (30) 

 

Tenth, prolongate the solution increment from a coarser 

grid to a finer grid.  

Eleventh, update the conservative variables. 

 

  
1 1'( )k ki i

h h hq q q
+ +

= +  (31) 

 

Twelfth, perform DFT to obtain the updated Fourier 

coefficients of conservative variables. 

 2 1
1 1' '

1

1
ˆ( ) ( ) ( ,..., )

2 1

c

k k i

N
i i jk t

k k c c

ic

q q e k N N
N


+

+ + −

=

= = −
+
  

    

   (32) 

Thirteenth, use the high-order Fourier coefficients of 

conservative variables and the updated lower-order Fourier 

coefficients to obtain the updated conservative variables on a 

finer grid. 

    This is the whole dataflow of the time-space multigrid 

method for the HB method. According to Wu and Wang’s [1-

2] case studies, the TS-MG method applied to HB method can 

stabilize the solution for the cases with large grid reduced 

frequency. However, in our careful study, it is found that the 

TS-MG method has very limited convergence speedup and 

even consume more CPU time than that of the T-MG method 

for cases with small grid reduced frequency. This is due to the 

fact that DFT/IDFT is needed at every iteration.  

TIME-SPACE MULTIGRID METHOD APPLIED TO 
NONLINEAR FREQUENCY DOMAIN METHOD 

However, DFT/IDFT is not an overhead but the original 

process of the NLFD method. Therefore, the TS-MG applied 

to NLFD will have more obvious advantage in CPU time than 

that of the TS-MG method applied to the HB method. This 

paper will extend the TS-MG to the NLFD method. Figure 6 

presents the dataflow diagram of the application of the time-

space multigrid method to the nonlinear frequency domain 

method. Compared with Figure 5, the algorithm shown in 

Figure 6 is simpler. Referring to Figure 6, a careful 

introduction of the time-space multigrid applied to the 

nonlinear frequency domain method is made in the following 

part.  

First, the time marching method is used to obtain the 

updated Fourier coefficients (�̂�𝑘
𝑖𝑘+1). 

Second, obtain the residual (�̂�𝑘
𝑖𝑘+1) by the solution of the 

governing equations. 

Third, restrict both the Fourier coefficients of 

conservative variables and residual from a finer grid to a 

coarser grid. 

Fourth, obtain the residual by computing the governing 

equations. 

Fifth, compute the forcing function. 

Sixth, obtain the updated Fourier coefficients of 

conservative variables on a coarser grid. 

Seventh, calculate the solution increment on a coarser 

grid. 

Eighth, prolongate the solution increment from a coarser 

grid to a finer grid. 

Ninth, update the Fourier coefficients on a finer grid. 

 
Figure. 6 The dataflow diagram of the time-

space multigrid method for the nonlinear frequency 

domain method. 

VALIDATION OF THE 2D NS SOLVER 

In this section, the two dimensional Navier-Stokes solver 

is validated using the experimental data [24]. The test case is 

the Durham linear turbine cascade case at 50% span location. 
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The mesh and airfoil is presented in Figure 7. There are around 

15.6K grid points in total including 193 grid points in the 

streamwise direction and 81 grid points in the pitchwise 

direction. At the inlet, the total temperature(T0) of 293.33 K, 

total pressure (p0) of 107882.14Pa and flow angle ( ) of 0 

degree are specified. The static pressure is obtained by 

interpolation method and then the isentropic relation is used to 

obtain the static temperature. For the density, it is computed 

using the state of equation for ideal gases. At the outlet, the 

back pressure (pb) is 101325.0Pa. Apart from the total internal 

energy, the remaining three conservative variables are 

obtained by the interpolation method. The relation between 

the total internal energy and the static pressure and the other 

three conservative variables are used to obtain the total 

internal energy. The slip wall boundary condition with the 

wall function is applied to deal with the solid wall boundary 

 

condition. The dimensionless parameter ( )
0

p pb
Cp

p pb

−
=

−
is used  

 

to make a comparison between the numerical solution and the 

experimental data. From Figure 8, it can be found that the 

numerical solution agrees well with the experimental data. 

Next, the acceleration of the multigrid method using 

different number of grid levels is presented in Figure 9. When 

the number of grid levels increases from 1 to 4 gradually, the 

number of iterations required to get a converged solution 

decreases. This result demonstrates that our multigrid solver 

is reliable. It can also be seen from Figure 9 that the difference 

in the number of iterations to reach convergence between 

mg=3 and mg=4 is very small. Therefore, the number of grid 

levels is set to 3 for all cases shown in this paper. 

 Figure. 7 The mesh and airfoil at 50% span 

location for the Durham linear turbine cascade 

case. 

 

 

 

 

 

 

Figure. 8 The comparison of Cp between the 

numerical solution and experimental data for the 

Durham linear turbine cascade case at 50% span 

location. 

 

 

Figure. 9 Convergence history of continuity 

equation residual (mg represents the number of 

grid levels). 

RESULTS 

To validate the effectiveness of the time-space multigrid 

method for the nonlinear frequency domain method, two cases 

including a transonic diffuser and a two dimensional cascade 

are used. The first case is an inviscid case which solves the 

Euler equation in the whole flow field. The second case is a 

viscous case which solves the unsteady Reynold-Averaged 

Navier-Stokes equations with Spalart-Allmaras turbulence 

model in the whole flow field.  
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TRANSONIC DIFFUSER 

 

The height distribution of the transonic diffuser is given 

as follows 

 

 
2( ) ( [ 0.2,0.2])h x ax b x= +  −   (19) 

 

The computational mesh with a density of 105*16 cells is 

shown in Figure 10.  

Figure. 10 The computational mesh with a 

density of 105*16 cells for the transonic diffuser, 

vertical scale enlarged by a factor of 2. 

 

The computations are carried out with a back pressure 

ration of 0.7794. The steady Mach number contours are 

presented in Figure 11. It can be seen from this figure that a 

preshock Mach number of just over 1.5 is produced at the 

location of x=0.122.   

Figure. 11 The steady Mach number contours 

for the transonic diffuser, vertical scale enlarged by 

a factor of 2. 

Figure. 12 Inlet total pressure variation with time. 

 

     In the unsteady analysis, the total pressure oscillation at 

the inlet is given. The perturbation function is the sine 

function.  

 

 0

2
sin )Ap p p t

T


= + （   (20) 

 

The variables in equation (20) are given in Figure 12.  

 

Figure. 13 A spectral analysis performed on 

static pressure in the whole flow field which is 

obtained using a time domain method for the 

transonic diffuser. 

Figure. 14 The comparison of the number of 

iterations required for convergence between the T-

MG method and the TS-MG method with different 

Nc for the transonic diffuser (Nc represents the 

number of harmonics on coarse grids). 
 

To determine how many harmonics is needed to analyse 

the unsteady flow field, a spectral analysis is performed on 

static pressure in the whole flow field which is obtained using 

a time domain method. According to the spectral analysis 

shown in Figure 13, ten harmonics are needed to ratain over 

99% information of flow field.  
Figure 14 and 15 respectively make a comparison of the 

number of iterations and CPU time required for convergence 

harmonic index
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between the T-MG method and the TS-MG method with 

different number of harmonics on coarse grids. For the two 

types of multigrid methods, the Courant numbers used on 

coarse grids and the finest grid are three. For the T-MG 

method, it can not obtain a converged solution, which is due 

to the large grid reduced frequency on coarse grids. To 

decrease the maximum grid reduced frequency, a reduced 

number of harmonics on coarse girds are used for the TS-MG 

method. Different number of harmonics on coarse grids are 

used to do study the effect of the number of harmonics on 

coarse grids on convergence. It can be seen from Figure 14 

that when Nc varies from 1 to 7, the residual curve of the TS-

MG method will converge in the end. When Nc equals one, 

about 570 iterations in total are needed. However, when Nc is 

increased to 2 or more, only around 350 iterations are required, 

and different Nc almost has no effect on the number of 

iterations required for convergence. The reason that it needs 

more iterations when Nc=1 than that when Nc is equal to or 

over 2 is that the second-order harmonic has a significant 

effect on the solution and acceleration. This can be concluded 

from the results of spectral analysis. When Nc=1, it can only 

retain 70% information of flow field. When Nc is increased to 

2, about  

Figure. 15 The comparison of the CPU time 

required for convergence between the T-MG 

method and the TS-MG method with different Nc for 

the transonic diffuser. 

 

83% information of flow field will be retained. Therefore, the 

second-order term contributes a lot to the solution. It has great 

effect on acceleration. When it comes to the CPU time 

required for convergence, the case with one harmonic on 

coarse grids consumes more CPU time than other cases. 

Nevertheless, the CPU time for other cases apart from Nc=1 

needed for convergence will increase with the increase of 

number of harmonics on coarse grids. The reason behind this 

phenomenon is that more equations on coarse grids needs to 

be solved if more harmonics are used on coarse grids. 

 

Figure. 16 The comparison of CPU time between 

the TS-MG method with Nc=2 and the T-MG method 

with different Courant numbers on coarse grids. 

Figure. 17 The comparison of time-averaged Cp 

along the horizontal line of symmetry between the 

time domain solution and the TS-MG method with 

different Nc for the transonic diffuser. 

 

It is known to us that with the increase of the maximum 

grid reduced frequency, the maximum allowable Courant 

number will decrease. In Figures 14 and 15, when the Courant 

numbers on both the finest and coarse grids are set to 3, the 

residual curve will diverge for the T-MG method. In order to 

obtain a converged solution, there is a need to reduce the 

Courant number on coarse grids. In our analysis, the Courant 

number on a coarser grid (CFLC) is set to half of that on a 

finer grid (CFLF), that is, the Courant number on the second 

grid level is set to 1.5 and the Courant number on the third grid 

level is set to 0.75. The convergence history of continuity 

equation residual is shown in Figure 16. When the residual 

reaches the same level (10-6), the T-MG method needs about 

105s, however, the TS-MG method with Nc=2 needs about 
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138s. Therefore, the TS-MG method with Nc=2 for the NLFD 

method can save about 23.5% CPU time in comparison with 

the T-MG method.  

In order to investigate the effect of the number of 

harmonics used on coarse grids on the solution accuracy, the 

results from the time domain dual time stepping method are 

used as the reference. Figure 17, Figure 18 and Figure 19 

respectively present the time-averaged Cp, the imaginary part 

of Cp1 and the real part of Cp1 along the horizontal line of 

symmetry. The reduced number of harmonics used on coarse 

grids does not adversely affect the solution accuracy. Actually, 

the results from the time-space multigrid method almost 

completely overlap with those from the time domain method. 

Figure. 18 The comparison of the imaginary part of 

Cp1 along the horizontal line of symmetry between 

the time domain solution and the TS-MG method 

with different Nc (Cp1 represents the first harmonic 

of Cp). 

 Figure. 19 The comparison of the real part of Cp1 

along the horizontal line of symmetry between the 

time domain solution and the TS-MG method with 

different Nc. 

TWO DIMENSIONAL CASCADE 

The above case demonstrates the TS-MG method applied 

to the NLFD method can stabilize the solution and speed up 

convergence. In this section, the two dimensional cascade case 

will be used to demonstrate that the reduction in CPU time 

when applying the TS-MG method to the NLFD method is 

more obvious than that when applying the TS-MG method to 

HB method. Figure 20 shows the computational mesh with 97 

grid points in the streamwise direction and 57 grid points in 

the pitchwise direction. The cascade flow is subject to a 

Reynolds number of 2.5*10^5 at the inlet, a total temperature 

of 300K at the inlet, a flow angle of 37 degrees and a pressure 

ratio pb/p0 of 0.947. The whole flow field is assumed to be 

fully turbulent.  

 

Figure. 20 The computation mesh with 97*57 cells 

for the two dimensional cascade case. 

 

Figure. 21 The distribution of yplus on the blade 

surfaces for the two dimensional cascade case. 

 

The distribution of yplus on the blade surfaces is shown 

in Figure 21. The maximum yplus is more than 30. Therefore, 

the mesh near the solid wall is not fine enough and the slip 
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wall boundary condition with wall function was applied to 

deal with the solid wall boundary condition. The steady Mach 

number contours are given in Figure 22. It can be seen that the 

cascade case is a subsonic case and the maximum Mach 

number is around 0.45. 

Figure. 22 The steady Mach number contours for  

the two dimensional cascade case. 

 

In the unsteady analysis, a back pressure perturbation at 

the outlet is imposed. The perturbation function is the cosine 

function. The perturbation term is 1% of the time-averaged 

term. The unsteady frequency for this computation is set to 

100Hz. In the frequency domain unsteady flow analysis, four 

harmonics on the finest grid are used. 

   Figure 23 and 24 presents the results from the TS-MG 

applied to the HB method and NLFD method respectively. In 

Figure 23, the red dashed curve represents the T-MG method 

applied to the HB method, the blue, brown and 

Figure. 23 The comparison of CPU time required for 

convergence between the T-MG method and the 

TS-MG with different Nc applied to the HB method. 

 

green curves respectively present the application of the TS-

MG method to the HB method with Nc=1, Nc=2 and Nc=3. It 

can be clearly seen that apart from the case with Nc=1, the TS-

MG method consumes more CPU time than the T-MG 

method. Despite that the TS-MG with Nc=1 can save the CPU 

time, only no more than 3% CPU time can be saved.  

Figure. 24 The comparison of CPU time required for 

convergence between the T-MG method and the 

TS-MG method with different Nc applied to the 

NLFD method. 

Figure. 25 The comparison of the time-averaged Cp 

between the time domain method and the NLFD 

method with different multigrid methods. 

 

Its advantage in CPU time is very limited. The reason is that 

although fewer equations are solved on coarse grids, the 

DFT/IDFT needed to achieve data exchange on different grid 

levels increases time consumption. However, the NLFD 

method can completely avoid this. This is because the 

DFT/IDFT is part of the original process, not an overhead. 

Figure 24 shows the compared results. No matter how many 

harmonics are used on coarse grids, the CPU time required for 

the TS-MG method is less than the T-MG method. The other 

trend is that with increase of Nc, the time consumption of the 

TS-MG method will also increase. When Nc is set to one, it 

can save about 20.4% CPU time. The TS-MG applied to the 
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NLFD method has more obvious advantage in CPU time than 

that applied to the HB method.   

Figure 25 and 26 respectively make a comparison in the 

time-averaged solution and the perturbation solution between 

the time domain method and the NLFD method with the T-

MG method and TS-MG method. It can be seen that the results 

from the NLFD method with the TS-MG method has good 

agreement with those from the time domain method. 

Moreover, different Nc almost has no obvious effect on both 

the time-averaged solution and the perturbation solution. 

Figure. 26 The comparison of the first harmonic 

amplitudes of Cp1 between the time domain 

method and the NLFD method with different 

multigrid methods. 

CONCLUSIONS 

From the above case studies, the following conclusions 

can be drawn: 

1. In comparison with the application of the TS-MG 

method to the HB method, the algorithm of the TS-

MG method applied to the NLFD method is simpler; 

2. The reduced number of harmonics used on coarse 

grids does not have an adverse effect on the solution 

accuracy including both the time-averaged and 

perturbation terms. There is good agreement between 

the time domain solution and the solution from the 

TS-MG method; 

3. The application of the TS-MG method to the NLFD 

method can stabilize the solution; 

4. In comparison with the application of the TS-MG 

method to the HB method, the application of the TS-

MG method to the NLFD method can save more 

CPU time and the advantages in CPU time is more 

obvious. For the cascade case, the former can only 

save less than 3% CPU time, however, the latter can 

save about 20.4% CPU time; 

5. For the TS-MG method, the CPU time required for 

convergence increases with the increases of the 

number of harmonics used on coarse grids, but it is 

still less than that of the T-MG method.   
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