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ABSTRACT 

In modern large steam turbines, exhaust diffusers are 

installed at the exit of the last stage of LP turbines to recover 

some of the leaving energy that would otherwise be lost. 

Despite the fact that these axial-radial diffusers have been 

around for decades, and that many researchers and designers 

have been using rig tests and/or CFD to optimise their shapes, 

there is still no clear answer to how to best design them in 

practice, especially the flow guide which is crucial for 

pressure recovery. Moreover, optimisation is normally 

performed for a particular set of constraints and still costs too 

much for normal design cycles due to the large amount of 

design parameters involved. 

In this paper, a new method to generate the shape of the 

flow guide based on Minimum Energy Curves (MEC) is 

presented. The idea originated from the analytical work in 

computer graphics to minimise a curve’s overall curvature 

distribution, cumulative over the whole arc. This purely 

geometrical optimisation problem turned out to be relevant for 

aerodynamic performance when appropriate fluid dynamics 

constraints, which are favourable to the diffusing flow, are 

imposed. This is because for LP steam turbines with low hub-

to-tip ratios, the curvature is one of the dominant factors 

governing the pressure distributions and boundary layer 

development along the flow guide. 

The flow guide geometries formed using MEC were then 

shown with CFD calculations to achieve very similar 

performance compared to the cubic Bezier splines over a wide 

range of operating conditions. The latter, considered to be the 

best practice for flow guide design and the state-of-the-art in 

terms of performance that is achievable, typically requires 

approximately 100 times the computational effort. 

INTRODUCTION 

The LP exhaust loss accounts for approximately 15% of 

the total losses inside a large steam turbine (Keller, 1986), 

which is of the same order as the LP blade loss (Tanuma et al., 

2011). Therefore there is strong incentive to design an 

efficient exhaust system, given it only involves aerodynamic 

considerations, whereas the LP blading design also requires 

attention to the structural integrity. Inside a down-flow type 

exhaust system, as shown in Figure 1, the most important 

component is the mixed flow diffuser which undertakes two 

missions: deflecting the flow from axial to radial direction due 

to the space limit, and diffusing the flow to recover some of 

the leaving energy. The diffuser consists of a flow guide and 

a bearing cone. Due to its shorter axial length and higher 

degree of turning on the concave upward surface, the design 

of the flow guide is of greater importance than the bearing 

cone, in order to avoid flow separation close to the diffuser 

entrance (Keller, 1986). 

 

Figure 1: LP exhaust system 

 

Compared to the conventional straight diffusers such as 

two-dimensional, conical and annual diffusers (Sovran and 

Klomp, 1967), there have been very few experimental 
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investigations regarding the optimum design of 90° curved 

diffusers (Deych and Zaryankin, 1970; Keller, 1986). This is 

because in addition to the many geometric design parameters 

involved, these diffusers’ performance is known to be strongly 

influenced by the inlet flow conditions due to the presence of 

the upstream stages (Liu et al., 2003); this further complicates 

the task to design a good exhaust diffuser. 

Since the 1990s, CFD has been introduced to assist with 

the flow analysis inside the exhaust diffusers (Benim et al., 

1995; Tindell et al., 1996). More recently, some CFD-based 

optimisations were performed to discover the optimum 

diffuser shape (Wang et al., 2010; Verstraete et al., 2012; 

Musch et al., 2013; Yang et al., 2014). Although these 

optimisations showed very promising results, they were 

mostly performed for a particular machine or set of constraints 

with huge computational effort. It still remains unclear how to 

best design the exhaust diffusers within a normal design cycle. 

This paper focuses on the flow guide of the exhaust 

diffuser, and proposes a simple yet effective design method 

with normal design cycles in mind. And it aims to answer the 

following questions: 

1. Why is curvature control important for the exhaust 

diffuser design? 

2. What is MEC, and how can designers make use of it 

in a normal design cycle? 

3. How well does the exhaust diffuser generated using 

MEC perform, compared with cubic Bezier curves? 

The answers to these questions would facilitate the 

development of a simplified and robust design system, which 

at the same time attains good performance with minimum 

large scale numerical simulations required. 

THE IMPORTANCE OF CURVATURE CONTROL FOR 
LP EXHAUST DIFFUSERS 

It is well known that the curvature distribution of 

aerodynamic shapes has a strong impact on boundary layer 

development and aerodynamic performance, through both 

theoretical and experimental investigations (Korakianitis and 

Papagiannidis, 1993). For the diffuser flow guide, in 

particular, the importance of curvature control may be 

explained by analysing the radial equilibrium equation and by 

learning from the geometry and flow features of Controlled 

Diffusion Airfoils (CDA). 

 

Figure 2: Radial equilibrium in an exhaust diffuser   

The Radial Equilibrium Equation 

The radial equilibrium equation with streamline curvature 

terms (e.g. Denton, 1978), as illustrated in Figure 2, is: 
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On the LHS of (1) is the pressure gradient along a quasi-

orthogonal q. The three terms on the RHS are: acceleration 

along the meridional direction, acceleration due to streamline 

curvature and acceleration due to swirl. In LP steam turbines, 

the hub-to-tip ratio is usually very low (between 0.4 and 0.5), 

which means the impact of the swirl term is relatively small 

when the region of interest is near the tip, i.e. when r = rtip. 

Moreover, at the inlet of the diffuser, the streamline turning 

angle φ is very low (usually below 20°), which leaves the 

streamline curvature term to be the most dominant one. This 

streamline curvature is strongly influenced by the curvature of 

the flow guide. As such, by reducing the curvature level (or 

increasing rc), the local radial pressure gradient can be 

increased, which tends to prevent or delay separation. 

 

Figure 3: Mach number, shape factor and curvature 
distributions for CDA profiles (Köller et al., 1999) 

Lessons from CDA 

The importance of curvature control can also be learned 

from the development of CDA. According to the literature 

(Köller et al., 1999), in an optimised subsonic compressor 

airfoil, the blade is front loaded and quickly turns the flow 

close to the leading edge, followed by slow turning (and 

diffusion) towards the end in a controlled fashion. This can be 

seen in the isentropic Mach number plot in Figure 3. The 

suction side peak Mach number of the optimised profile 
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moves upstream compared to the starting profile, and the 

boundary layer shape factor on the same surface remains close 

to, but stays below 2 after the transition point, which is 

considered to have good balance between maintaining low 

surface shear stress while keeping the flow attached.  

Such a healthy boundary layer integral parameter 

distribution is achieved by a sharp turning near the leading 

edge (the curvature being below –5 m-1) followed by a 

monotonically decreasing curvature (in magnitude) until the 

middle of the chord, which then stays more or less constant 

towards the end. This idea of monotonically decreasing 

curvature will be shown relevant to the flow guide design and 

the control of boundary layer separation. 

MINIMUM ENERGY CURVES 

To control the curvature distribution of the flow guide, a 

parameterisation of its geometry is needed. In most CFD 

optimisations performed in literature, cubic Bezier curves 

have been the most popular choice which involve at least 2 

control points and 5 design parameters (see Figure 4), with the 

bearing cone shape kept fixed. Although this provides a 

flexible way to generate geometries, it is still computationally 

expensive. In the present study, effort was made to seek a 

functional form of the curve which minimises its overall 

curvature distribution, cumulative over the whole arc. 

 

Figure 4: Parameterisation of the flow guide using 
Bezier curves (Verstraete et al., 2012) 

 

 The idea for the present method originated from the work 

in computer graphics (Horn, 1983), for which the target was 

to maximise the smoothness of a two-dimensional curve C 

with constraints of the starting and ending points’ coordinates, 

as well as the slopes at the two ends. 

To quantify the level of smoothness, the strain energy of 

a curve, E, is first used as the cost function of the optimisation 

problem, and it is simply the line integration of the curvature 

of the arc squared along the whole curve (Horn, 1983). Later 

a modified, non-dimensional form of the strain energy was 

introduced (Bruckstein and Netravali, 1990) and is used in the 

present study. It is the total arc length multiplied by the 

integral of curvature squared: 

 2

C
L ds  .  (2) 

The fact that the strain energy defined in (2) is non-

dimensional means MEC can be scaled without changing the 

level of smoothness and be applied in generic forms 

(Bruckstein and Netravali, 1990). Moreover, it allows one to 

take total arc length L to be unit so that this strain energy takes 

the same form as in the original work (Horn, 1983). 

The derivation of the analytical solution using Euler-

Lagrange formulation may be found in Horn's original paper 

(Horn, 1983) and hence is not included here. The Whewell 

equation form of the curve of least energy is: 

 ( ) sin coss A B      ,  (3) 

where ψ(s) is the angle relative to the axial direction when the 

arc length is s, and ψꞌ(s) is, by definition, the local curvature. 

From here onwards, only the positive sign in (3) is retained 

since the flow guide shape is always concave upward. Note 

that in (3) there are two constants of integral, A and B, to 

satisfy the boundary conditions on the end points’ coordinates 

and slopes. If ψ(0) = 0, i.e. the initial slope of the curve is zero 

(or, as shown in Figure 5, the kink angle vanishes), we have: 

 (0) B   ,  (4) 

which means B controls the initial curvature level if the slope 

of the curve is continuous at the beginning (G1 continuity). 

The effect of constant A will be explained later. 

 

 

Figure 5: Parameterisation of the exhaust diffuser 
(left) and flow guide (right) using MEC 

 

It was shown in the original work (Horn, 1983) that (3) 

can be solved after being converted to an elliptic integral form. 

Simple as it seems, the elliptic integral is of little practical use 

if one wishes to obtain the shape of the entire curve. Instead 

the authors propose to use the following table look-up method. 

The shape of the curve ψ(s), along with its effective aspect 

ratio (AR = Heff/Leff) and the total turning angle (Δθ =θ1 – θ0) 

for given values of (A, B) are computed and stored in a 

database. To find the shape of the MEC for given AR and Δθ 

as input parameters, one can then simply look up the database 

using whichever interpolation method that is desired. 

In Figure 6 a sample database is illustrated with the 

contours of Δθ, AR and E. Note that for a given B, there exists 

a lower bound for A, the calculation of which can be found in 

the Appendix. Normally there is no upper limit for A; 

however, to avoid a monotonically increasing curvature which 

is aerodynamically undesirable, one should select a less 

positive or even negative A based on the form of (3). 
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Figure 6: (A, B) table with contours of total turning 
angle (filled), aspect ratio (solid lines, top) and non-

dimensional strain energy (dashed lines, bottom) 

 

Compared to cubic Bezier curves which require at least 5 

design parameters, MEC only need 3: the coordinate (x, r) of 

the end point (which can be fixed by the diffuser area ratio 

A1/A0, and the flow guide’s height Hdif) and the total turning 

angle Δθ. From a designer’s point of view, a saving of 2 design 

parameters would reduce the time and effort in a normal 

design cycle significantly. Moreover, the geometry generation 

of MEC-based flow guides can still be quite flexible: for a 

given AR, one can travel along its contour in Figure 6 by 

varying A or Δθ, and obtain different curvature distributions. 

As an example, the blue and red symbols in Figure 6 both lie 

on the AR = 0.8 contour, but have different levels of turning 

(by 15 degrees) and curvature distributions, as shown in 

Figure 7. The curve with less turning (Δθ = 65°) is featured 

with a monotonically decreasing curvature, and almost 30% 

reduction of the strain energy. 

 

Figure 7: Shape (left) and curvature (right) 
distribution of minimum energy curves (AR=0.8) 

CFD SETUP 

The present study is performed using the commercial 

CFD solver ANSYS CFX 17.0, a popular choice for LP 

exhaust system simulations by the industry (Yoon et al., 2011; 

Musch et al., 2013, to name a few). The fully turbulent k-ω 

SST model was used for turbulence modelling. For 

equilibrium wet steam properties, a look-up table method 

based on IAPWS IF-97 was used. 

There are two types of steady simulations. The first type 

only involves the exhaust diffuser as shown in Figure 8. 

Upstream of the diffuser it was extended by 0.1L0 to allow for 

some boundary layer development. A uniform total pressure 

and total enthalpy distribution is specified at the domain inlet 

with no swirl and linearly varied pitch angle based on the 

angles at the hub and casing. The stagnation quantities at the 

inlet were the averaged values at the last stage exit for a typical 

1000 MW steam turbine at design condition.  

The second type of simulation replaces the upstream 

extension with the last stage to account for blade-diffuser 

interactions. Only a limited number of coupled simulations 

were performed to compare the off-design performance of 

different flow guides. Mixing planes are used for rotor-stator 

and rotor-diffuser interfaces. 

For all simulations, the diffuser exit is extended radially 

by a length L2/L0 ≈ 4, and the cross sectional area reduces to 

the diffuser’s inlet area A0 at the exit, so that reverse flows are 

avoided. An average static pressure is specified at the exit. 

80 cells were used in the spanwise direction of the 

diffuser, with y+ between 2 to 5 on the flow guide surface. The 

grid expansion ratio is kept under 1.2 everywhere inside the 

diffuser domain. For a 4° segment of axi-symmetric diffuser, 

around 200,000 grid points were considered a good balance of 

grid quality and computational effort, given there are a large 

number of calculations to be performed. 

 

 

Figure 8: CFD domain and design parameters (not 
to scale) 
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PERFORMANCE CHART OF THE FLOW GUIDE 
USING MINIMUM ENERGY CURVES 

The fact that the number of design parameters has been 

reduced (by two) makes the generation of the diffuser 

performance chart now possible. For the present study, clean 

flow conditions were specified at the inlet without the last 

stage, as described in the last section. For each combination of 

(L1/L0, A1/A0), the turning angle Δθ is iterated (normally 5 

times) to find the optimum diffuser with the highest pressure 

recovery coefficient Cp defined as: 

 2 1

01 1

p

p p
C

p p





,  (5) 

i.e. the ratio of static pressure rise between diffuser inlet and 

outlet over its inlet dynamic head. The ranges of the design 

parameters are listed in Table 1, which are typical for large 

steam turbines with space limitations. 

 

Table 1: Ranges of the diffuser design parameters 

Parameter Abbreviation Range 

Axial Length Ratio L1/L0 1.2 – 1.7 

Diffuser Area Ratio A1/A0 1.2 – 1.7 

Total Turning Angle  Δθ 30° – 75° 

 

Figure 9: Performance chart of MEC-based exhaust 
diffusers with clean inflow (contours: diffuser Cp) 

 

As seen in Figure 9, the performance chart for optimum 

diffusers using MEC looks very similar to those of the 

optimum conventional diffusers from experimental studies 

(Sovran and Klomp, 1967). The optimum diffusers for a given 

length or area ratio fall within a narrow band that centred about 

a line very close to L1/L0 = A1/A0 (indicated by the coloured 

band in Figure 9), based on the balance of sufficient diffusion 

and avoidance of flow separation. This seems to suggest a 

“one for one” rule of thumb for good diffuser design. 

To take a closer look at the effect of flow guide turning 

angle Δθ on its performance, the optimum diffuser’s (for 

which L1/L0 = A1/A0) Cp values were plotted in Figure 10. First 

it is worth noting the similarity of the plots when the optimum 

length and area ratios are chosen. Moreover, for a given L1/L0, 

it is preferred to have a small total turning angle Δθ, so that 

the overall curvature is monotonically decreasing, as shown in 

Figure 11 for L1/L0 = A1/A0 = 1.4. 

 

Figure 10: Diffuser Cp against total turning angles 
for flow guides with L1/L0 = A1/A0 

 

Figure 11: Curvature distribution of the flow guide 
for different turning angles (L1/L0 = A1/A0 = 1.4) 

 

Figure 12: Shape factor along the flow guide for 
different turning angles (L1/L0 = A1/A0 = 1.4) 

 

Furthermore, the curvature effect can be illustrated by the 

flow guide’s boundary layer development. The curvature 

distribution and the boundary layer shape factor along the flow 
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guide for given length ratio (L1/L0 =1.4) and area ratio 

(A1/A0=1.4) ratio are plotted against turning angles Δθ in 

Figure 11 and Figure 12 respectively. With a low level of 

turning (Δθ =50°) and monotonically decreasing curvature, 

the shape factor grows gradually to just below 2 and stays 

almost constant thereafter, which not only delays the 

separation, but also minimises the skin friction to the 

maximum extent possible. In contrast, any further increase in 

Δθ results in earlier flow separation, indicated by the sharp 

increase in the shape factor. For the case where Δθ is slightly 

lower than the optimum choice (Δθ=45°), the shape factor 

starts to decrease after it reaches around 2.2, resulting in a 

performance very close to the optimum case. Nevertheless, it 

is felt much safer to keep the shape factor below 2 to avoid 

any flow separation. The curvature and shape factor 

distribution for the optimum geometry look very similar to 

those of the optimised CDA in Figure 3, suggesting that MEC-

based flow guides do perform well aerodynamically owing to 

its control on curvature distribution and boundary layer 

thickness growth. 

Last, it is worth noting that the performance chart in 

Figure 9, which is based on around 600 calculations, took less 

than 3 days to generate on a 16-core workstation, which means 

now it is possible to generate many such performance charts 

based on the operating conditions and geometric constraints a 

priori so that designers may use these charts for a fast and 

simple estimate of near optimum diffuser sizing and 

performance prediction in the actual design. 

COMPARISON WITH OPTIMISATION RESULTS 
USING GENETIC ALGORITHM 

To show the present method indeed generates near 

optimum performance, the MEC-based flow guides are 

compared with the state-of-art, cubic Bezier curves, optimised 

with the Genetic Algorithm (GA) provided in MATLAB’s 

Global Optimisation Toolbox. The single objective is to 

maximise the diffuser’s Cp value, and the GA parameters are 

listed in Table 2. 

 

Table 2: GA parameters 

GA Parameters Value 

Population size  20 

No. of generations  25 

Crossover fraction 0.8 

Mutation rate 10% 

 

In order for the GA optimisation to achieve convergence 

within a reasonable time, the last stage has been excluded and 

the same inlet profile with uniform total pressure and enthalpy 

distribution is assumed, as described in previous sections. The 

present study only looks at the optimum shape for a given 

combination of length and area ratio (L1/L0=A1/A0=1.4). 

The parameterisation using Bezier curves is essentially 

the same as a previous study (Verstraete et al., 2012) except 

that the parameters controlling the distances, D1 and D2, are 

non-dimensionalised based on the maximum distance 

allowed, while the flow guide end point (x, r) and the bearing 

cone shape is fixed.  

 

Figure 13: Comparison of optimised diffusers using 
MEC and Bezier curves by last stage specific power 

output (relative to that of MEC without kinks) 

 

Figure 14: Curvature distribution of optimised 
diffusers using MEC and Bezier curves 

 

Figure 15: Turning angle distribution of optimised 
diffusers using MEC and Bezier curves 

 

The Cp value of the optimum diffuser using Bezier curve 

is 0.524 while that for the MEC is 0.529. Despite the very 

close performance with clean inlet flow, the performance 

shows some discrepancy when the last stage is included, as 
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shown by the comparison of last stage specific power output 

in Figure 13, the base line being the optimised MEC diffuser 

without any kink angle. For most of the operating conditions 

(50 – 100% of design mass flow rate), the difference in power 

output is within 0.4%; however, at the low flow condition 

(around 30% mass flow rate), the optimised Bezier curve 

generates almost 1.5% more power than the MEC.  

To find out what causes the difference in performance, the 

curvature distribution of the optimised Bezier curve and MEC 

are plotted in Figure 14. As seen, the Bezier curve has a very 

high initial curvature level, which results in a sharp jump in 

turning angle by around 10 degrees, as depicted in Figure 15. 

This suggests there might be potential gain by introducing 

some initial kink angle to the MEC, as illustrated in Figure 5. 

Indeed, some further improvement of performance was 

achieved by introducing the initial kink angle where the last 

stage exit meets the diffuser at the shroud. Kinks have 

previously been used to design endwall contours to achieve 

better blade exit flow uniformity in the blade-diffuser 

interaction region (Kreitmeier and Greim, 2003). As shown in 

Figure 13, with 12 degrees of initial kink, the MEC-based flow 

guide achieves over 1.5% gain in power output at the lowest 

flow rate. Some further investigations for other length ratio 

and area ratio suggest that adding some moderate initial kink 

angles (up to 12 degrees) always improves the stage power 

output and diffuser performance. 

Furthermore, the curvature distribution of the optimised 

Bezier curve actually looks very similar to that on the suction 

surface of CDA (see Figure 3), both featured by the sharp 

initial turning followed with slow diffusion. Although MEC 

cannot have the exact curvature distribution as the CDA or the 

optimised Bezier curve, it is still possible to mimic the feature 

of high initial turning by introducing the initial kink, and the 

benefit of doing so is clearly seen in Figure 13. 

CONCLUSIONS 

In the present study, the importance of curvature control 

of flow guide geometry was demonstrated, and a new method 

to parameterise the flow guide geometry, using Minimum 

Energy Curves, was introduced. Both the present method and 

the Bezier curves were optimised with the assumption of clean 

inlet flow, and the optimised geometries were compared 

against each other with the last stage included at different 

operating conditions. 

Compared to the state-of-art method using cubic Bezier 

curves, the present method has two fewer design parameters, 

which allows for a quick generation of the flow guide 

geometry. More importantly, the remaining control 

parameters such as (AR, Δθ) or (A, B) have clear physical and 

geometric meanings thus are very simple to use. 

Moreover, it is now possible to generate the performance 

chart of exhaust diffusers within reasonable time due to the 

reduced control parameters, which is very useful from a 

designer’s point of view. For the present study, only clean inlet 

flow conditions were considered, which resulted in a 

performance chart that looks very similar to those of the 

optimised conventional diffusers based on experiments. 

Future studies will include the real inlet flow profile at 

different operating conditions. 

The simplicity of the method, which is based on purely 

analytical approach, does come at a price. The optimised 

Bezier curves using genetic algorithm seem at first to perform 

better than the MEC based flow guides, owing to a sharp 

turning and high level of curvature at the diffuser inlet, similar 

to that of CDA. Nevertheless, the lessons learned from the 

optimisation results and the development of CDA can be 

distilled and then applied to the present method by introducing 

an initial kink angle, to mimic the effect of high initial turning. 

This indeed brought the performance of MEC much closer to 

the optimised Bezier curves, over a wide operating range, the 

latter typically requiring approximately 100 times of the 

computational efforts. 

NOMENCLATURE 

A0  Diffuser inlet area [m2] 

A1/A0 Diffuser area ratio [-] 

AR  Flow guide aspect ratio [-] 

CDA Controlled Diffusion Airfoils 

Cp  Static pressure recovery coefficient [-] 

E  Strain energy of a curve [-] 

F  Elliptical integral of the first kind 

H  Boundary layer shape factor [-] 

L0  Diffuser inlet height [m] 

L1/L0 Diffuser axial length ratio [-] 

MEC Minimum Energy Curves 

rc  Radius of Curvature [m] 

Δθ  Flow guide total turning angle [°] 

κ  Curvature [m-1] 

ψ  Flow guide turning angle [°] 

Subscripts 

0 Diffuser inlet 

1 Diffuser outlet 

m  Meridional direction 

q  Quasi-orthogonal direction 

θ  Circumferential direction 
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APPENDIX 

The lower bound for parameter A in the (A, B) map 

The parameter A in (3) has a lower bound due to two 

constraints. Firstly, inside the square root of the RHS of (3), it 

must always be non-negative. Hence we must have: 

 cotA B   ,  (6) 

i.e. there exists a critical turning angle ψc for a given A: 

 
1tan ( )c B A   .  (7) 

Secondly, since we already assumed unit arc length, the 

choice of A must ensure that the arc length is at least 1 before 

ψ reaches its critical value ψc. Using (3) we must have:   
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for given values of (A, B). To solve (8), we first write the 

denominator of the integrand into: 
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where 

2 2 1/2 2 2 1/2
0 0sin ( ) ,   cos ( )A A B B A B      .  (10) 

Substituting (9) into (8), we have 

 2 2 1/4

0
2 0

( ) 1

1 2sin
2

c d
A B

 

 

 
 

  
 

   (11) 

 
1

0

2 2 1/4

2

( )

21 2sin

d A B








 


  , (12) 

where the new variable θ and its integration limits are: 

 0 0 0 1 0( ) 2,   2,   ( ) 2c            .  (13) 

The LHS of (12) is the difference of two elliptical 

integrals of the first kind: 
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Note that in fact,  

 1 1
1 tan ( ) tan ( ) 2 4B A A B       

 
.  (15) 

Hence, by equating  (14) to the RHS of (8) we can obtain 

the exact critical (or minimum) value of A for any given B. 


