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ABSTRACT 

Among all those frequency domain methods, the 

nonlinear frequency domain method (NLFD) and the time 

spectral method (TSM) are more popular than the linear 

harmonic method and nonlinear harmonic method due to the 

fact that both of them are easier to implement in an existing 

steady flow solver. Because the nonlinear frequency domain 

method involves transforming both the residual and solution 

using a discrete Fourier transformation (DFT), it has higher 

time cost compared with the time spectral method. Except 

the time cost difference, the other pros and cons of the two 

methods are unknown yet from open literature. This paper 

presents the study of the two numerical methods to find out 

their disadvantages and advantages with the aim of providing 

guides for their potential users. With this in mind, the two 

methods are investigated with respect to their solution 

convergence rate, tolerance to aliasing problems, instability 

due to stiffness of spectral source terms, accuracy of analysis 

results and time cost. 

Introduction 

The solution of the unsteady Euler/Navier-Stokes
[9]

 

equations in time domain
[10,12]

 using the dual time stepping 

method is very costly even with nowadays’ computing 

resources. This is particularly true for turbomachinery 

unsteady flow analysis, as its time domain
 [4]

 analysis 

demands a computational domain consisting of multiple 

blade rows and multiple blade passages for each blade row. 

To reduce the time cost, a few frequency domain methods 

ranging from the linear
[5]

, nonlinear harmonic methods
[1,5]

, 

nonlinear frequency domain method
[3]

 to the time spectral 

method
[2,7,8,11,13,14]

 have been proposed. Among the four 

methods, the nonlinear frequency domain method and time 

spectral method are easier to implement in an existing steady 

flow solver. For the time spectral method, this is achieved by 

solving the unsteady equations at 2n+1 time instants directly 

for n frequencies of unsteadiness. The solution at the 2n+1 

time instants is Fourier transformed to obtain corresponding 

temporal Fourier coefficients which are then used to 

calculate the time derivative terms. For the nonlinear 

frequency domain method, both the solution and the residual 

are Fourier transformed from their time domain values at 

2n+1 time instants to obtain relevant Fourier coefficients. 

Those coefficients are collected and balanced by harmonics. 

However, the two methods are incapable of analysing small 

perturbations due to their large dissipation properties and 

they also suffer from the aliasing error
[6]

 which can lead to 

solution instability. The NLFD method involves 

transforming both the residual and the solution using a 

discrete Fourier transformation, which is expected to have 

time cost higher than that of the time spectral method. Other 

pros and cons of the two methods against each other are 

unknown yet from open literature. This paper presents study 

of the two numerical methods to find out their advantages 

and disadvantages with the aim of providing some guides for 

their potential users. The study includes their solution 

convergence rate, tolerance to aliasing problems, instability 

due to stiffness of spectral source term, accuracy of analysis 

results and time cost. 

Governing Equation 

The integral form of two dimension inviscid Euler 

equation in the Cartesian coordinate system is given as 

follows: 
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f is the flux in the x direction and g is the flux in the y 

direction. For a simpler explanation, let     ∮     
     and add a pseudo-time term, so the following equation 

can be obtained from equation (1): 
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Time Spectral Method 

For the TSM, the Fourier series are used to represent the 

unsteady flow and n represents the number of harmonics: 

    ̅  ∑                             
 
    (4) 

There are 2n+1 Fourier coefficients for n harmonics, so 

2n+1 time instants are needed to have 2n+1 equations to 

have a determined system. The relation between the flow 

vector at 2n+1 time instants and temporal Fourier 

coefficients can be written in the following matrix form. 
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where   [
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Replace the time derivative term by the time spectral 

source term approximately. 
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Rewrite it in the form of matrix. 
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Where the definition of    is given by: 

   [

                         

                          
    
                               

] 

So the equation (3) becomes the following symbolic 

form: 

 
  

  
          (7) 

After calculating the flow variables at 2n+1 time 

instants, use the discrete Fourier transformation to obtain the 

Fourier coefficients. 

         (8) 

Nonlinear Frequency Domain Method 

For the NLFD method, both the residual and the solution 

need to be Fourier transformed from their time domain 

values at 2n+1 time instants. 

    ̅  ∑                             
 
    (9) 

Rewrite equation (9) in the form of matrix, 

       (10) 

where   [
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Substitute (4) and (9) into (7), 

 
      

  
      

        (11) 

Consider the coefficients of         ,          and 

the time averaged value, 

 
   

  
         

       (12) 

After obtaining the Fourier coefficients, inverse discrete 

Fourier transformation is used to transform these coefficients 

to their time domain value at 2n+1 time instants. 

Test Case 

The test case is a quasi 1D Laval nozzle of which the 

mesh is shown in Fig. 1. It has 101 points uniformly 

distributed. Before the study of the frequency domain 

methods, the underlying steady flow solver is validated by 

comparing numerical results to analytic ones. 

The flow goes from the left end to the right end. At the 

nozzle inlet (at the left end), a subsonic inlet condition with 

the total temperature (          and total pressure 

(              is imposed; at the nozzle outlet (on the 

right end), a subsonic outlet condition with the back pressure 

(             is imposed.  

Fig. 2 shows the comparison of static pressure 

distribution along the nozzle between numerical results and 

their analytic counterparts. Flow is accelerated from the inlet 

until the shock, and then is decelerated. The numerical 

results are in good agreement with the analytic ones, which 

demonstrates the credibility of the steady flow solver upon 

which the TSM solver and NLFD solver are built. 

 
Fig.1 The mesh of the quasi 1D Laval nozzle 

 

 
Fig.2 Static pressure distribution along the 

nozzle 
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   Firstly, let’s consider unsteady flow and computations 

with a single fundamental frequency of unsteadiness. The 

frequency of unsteadiness comes from the specified back 

pressure perturbation and the value of the frequency is set 

to100Hz and the amplitude of the pressure perturbation is 7% 

of the averaged back pressure. The number of harmonics 

included in all analyses is 3. Fig. 3 and Fig. 4 show the time 

averaged value of density and the first harmonic amplitude of 

x-momentum respectively. The numerical solutions from the 

two frequency domain solvers are almost overlapped, and 

they are also the same as that from the time domain solution 

which is used as the reference. When there is no aliasing 

error or the aliasing error is quite small, the two frequency 

domain solvers have the same accuracy. Fig. 5 presents the 

convergence history from the two frequency domain solvers. 

It can be seen that the two methods have more or less the 

same convergence rate but the TSM has slightly tighter 

convergence.  

Further analyses were carried out to find out the 

maximum frequency of unsteadiness, with which converged 

solution can be obtained for each method, for the Laval 

nozzle case with the mesh as shown in Fig. 1. It was found 

that the maximum frequency is 7500Hz for the NLFD and 

10000Hz for the TSM. This implies that the TSM is more 

tolerant to stiffness of the time spectral source term. 

It is well known that the NLFD involves transforming 

both the residuals and conservative variables using the 

discrete Fourier transformation. Hence the NLFD method has 

higher time cost than the TSM method for each iteration. Fig. 

6 shows the time cost of the two frequency domain methods. 

It can be seen that the TSM has 8% lower time cost in 

comparison with that of the NLFD method. 

 
Fig.3 The comparison of the time averaged value of 

density (single fundamental frequency case) 

 
Fig.4 The comparison of the first harmonic 

amplitude of x-momentum (single fundamental 
frequency case) 

 
Fig.5 The comparison of the residuals (single 

fundamental frequency case) 

 
Fig.6 The comparison of the time cost (single 

fundamental frequency case) 
 

   To investigate the tolerance of the two methods to 

aliasing errors, computations with two fundamental 

frequencies were carried out. One frequency is set to 100Hz 

and the other is 150Hz. In the analysis, 5 harmonics are 

included. Three of them are 100Hz, 200Hz, 300Hz which are 

the harmonics of the 100Hz and the remaining two are 

150Hz, 450Hz which are the harmonics of 150Hz. The 

almost periodic Fourier transformation (APFT) algorithm is 

used to determine the non-uniform time samplings. From 

Fig. 7, it can be seen that the time averaged density 
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calculated by the frequency domain methods is very close to 

each other and it is also in good agreement with the result 

from the time domain dual time stepping method. Fig. 8 

compares the first harmonic amplitude of the x-momentum. 

After the shock, the frequency domain results are close to the 

time domain results, while they show discrepancy with the 

time domain results around the location of the shock. This 

could be due to the large aliasing error. From Fig. 9, it can be 

seen that the TSM has better and tighter convergence. Fig. 10 

presents the time cost of the two frequency domain solvers, it 

can be seen that the TSM has 14% lower time cost compared 

with the NLFD. 
 

 
Fig.7 The comparison of the time averaged value of 

density (two fundamental frequency case) 

 
Fig.8 The comparison of the first harmonic 

amplitude of x-momentum (two fundamental 
frequency case) 

 
Fig.9 The comparison of the residuals (two 

fundamental frequency case) 

  
Fig.10 The comparison of the time cost (two 

fundamental frequency case) 

CONLUSIONS 

The quasi 1D Laval nozzle case was chosen as test case 

to investigate the pros and cons of two frequency domain 

methods: time spectral method and nonlinear frequency 

domain method. The unsteady flow filed is obtained by 

imposing time periodic perturbation to the back pressure. A 

series of analyses for unsteadiness with one and two 

fundamental frequencies were carried out. It was found that 

the TSM is more tolerant to the stiffness of the time spectral 

source term and it also has better and tighter convergence, 

particularly for cases with more than one fundamental 

frequency. In terms of solution accuracy, the two methods 

are comparable. In terms of time cost, the TSM is favourable. 

Therefore, it is recommended that the TSM is superior to the 

NLFD. Further investigation using 2D and 3D cases is 

required to confirm the findings. 

NOMENCLATURE  

               =  conservative variables 

      =  control volume 

       =  pseudo time and physical time 

       =  flux in the x and y direction respectively 

               =  velocity in the x and y direction respectively 

               =  density and pressure 

      =  total internal energy 

               =  angular frequency of unsteadiness 

       =  conservative variable Fourier coefficients 

      =  residual Fourier coefficients 

      =  discrete Fourier and inverse DFT matrix 

       =  time derivative term matrix 

      =  time spectral source term matrix operator 

 ̅  ̅   =  time averaged value 

       =  solution increment 
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