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ABSTRACT 

A numerical approach using Green’s function for 

calculating and analysis of thermal stress under thermal 

transient load was proved to be efficient in the on line systems. 

In this paper, the temperature and thermal stress in special 

positions for a high temperature steam turbine rotor were 

calculated with Green’s Function approach combing the 

stream temperature history and finite element method. Both 

the thermal stress in the out surface and axis of the turbine 

rotor are emphasized. Results proved that the predicted 

temperature and thermal stresses by Green’s function method 

correspond to those by the detailed FEM in the transient 

condition when the constant heat transfer coefficient were 

used. The weakest area for the high temperature rotor mainly 

exist in the thermal groove of inlet place or in the first blade 

groove. In order to keep the rotor service for a long time 

safely, Green’s function as an invisible sensor, can calculate 

and monitor these special locations of high temperature rotor 

fast and conveniently in each transient operation. For 

monitoring and control of thermal stresses accurately, it was 

suggested that the Green’s function method based average 

heat transfer coefficient should be used in the individual stage. 

And the Green’s function database for thermo-flow conditions 

typical for cold, warm and hot starts should be built. 

 

Keywords: High temperature turbine rotor, Green’s function, 

thermal stress, monitor and control 

 

1. INTRODUCTION 

Thermal stresses of thick walled component in steam 

turbine occur during rapid start-up, shut-down or load 

changes. These stresses must not exceed pre-specified valves, 

depending on the material used and the current pressure and 

temperature valves. Minimizing the temperature deviations 

during plant transients is the prime goal of advanced control 

schemes optimizing start-up, shut-down or load changes[1]. An 

economical control of these non-stationary operations requires 

the maximum permissible stresses to be approached and 

maintained at highest temperatures. To achieve this goal, the 

dynamics of the plant must be well understood. The problems 

of thermal stress monitoring and control in steam turbines was 

considered in the mid-sixties[2]. In the first thermal stress 

control systems, steam turbine rotors were supervised using 

start-up probles which were thermo-physical models of 

turbine rotor[3-4]. Thermal stresses were calculated based 

measured temperature difference between the probe surface 

and its integral-averaged temperature. A better accuracy of 

stress calculation was achieved by replacing the measured 

average temperature with a mathematical model[5]. Rusin et 

al[6] proposed a new method of thermal stress modeling in 

turbine rotors employing Green’s functions and Duhamel’s 

integral. The Green’s functions and Duhamel’s integral have 

been used for many years for fatigue life monitoring by 

EPRI[7-8], GE[9], EDF[10], and Song et al[11-13]. Lee[14] 

investigate crack propagation problem subjected to high cycle 

thermal fatigue loading using Green’s function approach. 
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Such an approach has also been adopted for monitoring of 

Power boilers operation by Talyer et al[15].  

In this paper, the thermal stress for a high temperature 

turbine rotor was evaluated using Green’s Functions, its 

predication accuracy was compared with the results obtained 

by Finite element method (FEM), and the damage analysis as 

well as on line monitor for high temperature turbine rotor were 

discussed in the end.    

2. GREEN’S FUNCTION METHOD FOR THERMAL 
STRESS CALCULATION 

Green’s function is defined as the response of a system to a 

standard step or impulse input. It contains all essential 

information of the system when it is properly defined. In heat 

transfer model Fourier’s boundary condition is employed: 

)),(T-(t))((-
),(

)( trTr
n

trT
r s 



          (1)              

Where )(r is metal thermal conductivity, ),(T tr  is 

surface temperature, (t)sT  denotes steam temperature, n is 

normal direction, )(r denotes heat transfer coefficient. 

Assuming that steam temperature is described by 

Heaviside’s function )(tH , the heat transfer model Fourier’s 

boundary condition can be written in the form: 
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Where ),( trX is a Green’s function for temperature. 

Using the Green’s function ),( trX , the metal temperature 

for arbitrary variation of steam temperature can be calculated 

employing Duhamel’s theorem: 
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Considering elastic stresses only it can be assumed, 

according to the thermo-elasticity theory, that stress 

distribution in an elastic body is a unique function of 

temperature distribution, and in this connection the thermal 

stresses can be calculated using Duhamel’s integral as: 
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Where )-,( trG is a Green’s function for thermal stress. 

For simple geometries (Plate, Cylinder, Sphere) Green’s 

functions for temperature and stress can be determined 

analytically by solving one dimensional transient heat 

conduction problem. In case of more complicated shapes it is 

necessary to use numerical methods, e.g finite element 

method.   

Also, the numerical integral of Eq. (4) is necessary, it is thus 

transformed from continuous into discrete form: 
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Where dt is a cut-off time, )(rGs
is a valve of the influence 

function in steady state, while )(rGt
is a transient part of the 

influence function. 

3. GREEN’S FUNCTIONS FOR A TURBINE ROTOR 

3.1 Temperature and stress analysis by Finite element 

method 

High temperature steam turbine rotor is a very complex 

component, especially for the inlet steam area. Fig.1 shows the 

CAD model of one high temperature rotor. The material of 

rotor is 12% Cr steel, and detailed material parameters were 

listed in table 1. It can be seen from Fig.1 that high 

temperature steam enter into the HP casing, then contact the 

rotor, and then divided into two way steam. One way steam 

force blade rotation, while the other way steam leak into the 

thermal groove. The detailed steam flow is also shown in Fig.1 

by yellow arrow. When there is a thermal shock, the maximum 

stress may occur at the location of the groove of the rotor or 

the blade groove. Besides, the temperature and stress in the 

rotor center can reveal the material brittle. In order to 

guarantee the rotor safe, four typical Points (A, B, C, and D in 

the Fig.1) are paid special attention. In order to obtain 

temperature and stress Green’ function of the rotor, ABAQUS 

software was used in the simulation. The rotor initial 

temperature was 0 ℃ , and the stress calculations were 

performed using linear-elastic material model.  

 
Fig.1 Part of the steam turbine rotor 

 
Table 1. Mechanical properties at various 

temperatures 

Temperature(℃) 20 200 400 600 

E(GPa) 217 192.2 167.3 143.9 

Poisson’ ratio 0.311 0.299 0.290 0.285 

Density (kg/m3) 7824 7775 7717 7656 

Conductivity(W/m-K) 23.1 25.9 27.3 30.0 

Yield strength (MPa) 783.7 698.3 639.9 442.3 

 

When following the general Green’s function method 

described in section 2 above, the temperature and stress 

analysis for a unit step change of the temperature time history 

is performed to calculate Green’s functions at a monitoring 

Point. In this analysis, the temperature is changed from 

preheat temperature of rotor by unit step load, which has a 

stress free condition. The unit step thermal boundary is shown 

in Fig.2. It can be seen that the steam temperature fixed 1 in 

the whole 20000s. Hengliang Zhang[16-17] and Mariusz 

Banaszkiewicz[18] have demonstrated that varying heat 

transfer coefficients affect the accuracy of results using 

Green’s function. For simplicity, The rotor initial temperature 
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was fixed 0℃ , and constant heat transfer coefficients (
=1000W/m2K) was used in the present simulation.  

 
Fig.2 The unit step thermal boundary for deserving 

Green’s function 
3.2 Temperature and stress Green’s function 

Green’s functions for temperature and stress at step increase 

of fluid temperature by 1℃ (as shown in Fig.2) heating the 

external surface of the rotor is shown in Fig.3 and Fig.4, 

respectively. Fig.3 demonstrates that Point A, B, C have 

nearly the same temperature, the Green’s function for surface 

temperature initially rapidly increases and reaches nearly 1 

after 14000 seconds. The temperature for Point D (in the 

center of the rotor) shows some inertia and a delay time of 

temperature response of about 500 seconds can be seen. After 

this time, the temperature increases at approximately constant 

rate and after 5000 seconds the rate of variation visibly starts 

to decrease.  

 
Fig.3 Green’s function for temperature of a high 

temperature rotor 

The stress response (Fig.4) at Points A, B, C, and D is a 

result of temperature variations (Fig.3). Fig.4 shows that the 

same temperature variation trends exist in the Points A, B, C, 

and D, but different valve of Mises stress presents in the four 

Points. Different peak stress at Points A, B and C is mainly 

due to different geometrical structure for these positions. 

While different Mises stress between the center of the rotor 

(Point D) and the external surface of the rotor (Point A, B, C) 

are mainly due to the different location and temperature (as 

shown in Fig.3)     

 
Fig.4 Green’s function for stress of a high 

temperature rotor 

4. THERMAL STRESS OF THE ROTOR FOR 
TRANSIENT OPERATION 
4.1 The integrity of the turbine rotor in the transient 

operation 

Generally speaking, transient operation includes start-up, 

shut-down and variable load. Each transient operation is 

complicated. The most intricate kind of the turbine transients 

is starts-ups. Not only there are many start-up types for the 

steam turbine, such as cold start, warm start, hot start, extreme 

warm start and so on. But also their technological operation 

sequence should be subdivided into a few stages, essentially 

differing from one another in their contents and conditions of 

carrying out. The main stages of starts-ups are: Pre-start 

warming up of the turbine steam lines, crossover pipes, valve 

steam chests, and even turbine cylinders while the turbine is 

rotated by the turning gear. Rolling up of the turbine with a 

controllable raise of the turbine’s rotation speed up to 

synchronous valve and synchronization of the generator. 

Loading up the turbine to the set stable load with raising 

simultaneously the main and reheat steam parameters, 

whereas all the preceding operations are mainly run with 

invariable start steam conditions.  

The complicated transient operation may cause high 

temperature rotor failure or burst. In order to keep the rotor 

integrity in the transient operation, the stress in the critical 

positions of rotor should be calculated quickly or on line 

monitoring and control. While Green’s function method has 

the potential advantages for dealing with these problems.    
4.2 The steam temperature curve for one operation   

In order to verify the reliable of Green’s function method, 

the ideal steam temperature curve is created at first. Fig.5 

shows the assumed inlet steam temperature history for a steam 

turbine rotor. It can be seen that the steam temperature 

increase from 0℃ to 400 ℃ between 0s to 8000s, this stage 

can demonstrate the raising speed stage for turbine rotor. From 

8000s to 11000s, the steam temperature fixed in 400℃，this 

represent that the rotor is in the rated speed condition. From 

11000s to 16000s, the temperature increase from 400℃ to 

600℃, which represents raising load stage for the rotor. From 

16000s to 20000s, the temperature decrease from 600℃ to 

100℃, this stage is used to characterize shut down process.  
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Fig.5 Assumed start up-shut down steam 

temperature history  
4.3 The calculation accuracy analysis for the Green’s 

method function 

Fig.6 shows the temperature of Point A comparison 

between Green’s function method and FEM, where the 

temperature calculation of Point A was performed using 

Duhamel’s integral (3). Fig.7 shows the Mises stress of Point 

A comparison between Green’s function method and FEM, 

while the stress of Point A was calculated according the 

equation (5). It is seen from Fig.6 and Fig.7 that the 

temperature and Mises stress determined by Green’s function 

method are nearly the same with the results from FEM 

calculation. The stress curves (Fig.7) coincide with each other 

both during stress increase and decrease, and the similar 

phenomena can be seen in the temperature curves (Fig.6). This 

indicated significantly that a very good accuracy was achieved 

using Green’s function method. Futher, large numbers of 

temperature and stress probes seem to be placed in the high 

temperature rotor if the steam temperature is monitored.   
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Fig.6 The temperature of Point A comparison 
between Green’s function method and FEM 
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Fig.7 The Mises stress of Point A comparison 
between Green’s function method and FEM 

4.4 The integrity analysis of the high temperature rotor 

Fig.8 shows the stress distribution and damage mechanism 

of the steam turbine rotor in start-up process [19]. The 

alternating and compressive stress mainly exists in the out 

surface of the rotor, and the fatigue damage may be subjected 

in these places. The tensile stress mainly exists in the center of 

the rotor. As the fracture toughness is lower in the center than 

other places of the rotor, the crack failure may be occur in 

these places. In order to keep the rotor integrity in the whole 

life time, the stresses in the out surface and inner place should 

be calculated and limited in the design and in service stage. 

Points A, B, C, D in the high temperature inlet area of rotor 

are the typical and critical positions. Maintaining the low 

stress and long life in these places are necessary and pivotal. 

However, there are large numbers of transition operation, and 

it is hard and time-consuming to calculate the stress in the all 

transition situations with FEM [20].  

 
Fig.8 The stress distribution and damage 
mechanism of the rotor in startup process 

Green’s function method can deal with similar problems 

fast and easily. It can be used to calculate all the position stress 

in the arbitrary transient operation quickly with the steam 

temperature. With the steam temperature curves in Fig.5, the 

temperature and stress in the Points A, B, C, D were 

determined with Green’ function method quickly, as shown in 

Fig.9 and Fig.10, respectively. It can be seen from Fig.9 that 

the temperature are nearly the same in the position A, B, and 

C. The highest temperature valve in position A, B, C arrive to 

570℃. The temperature in the center of the rotor (Point D) is 

lower than that of out surface (Point A, B, C) in the time of 0-

17725s, but the temperature in the center (Point D) exceed the 

temperature in out surface after 17725s. The lowest 
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temperature difference between the center and out surface of 

rotor occur at 17725s, and its temperature difference valve is 

0. Besides, the largest temperature difference between the out 

surface and center of the rotor presents at the time of 8000s 

and 20000s. As we all know, stress in the rotor has a relation 

with temperature difference. The large for temperature 

difference, the high stress may exist. Hence, it may be 

predicted that high stress positions A, B, C, D may be 

presented at the time of 8000s and 20000s.    
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Fig.9 The temperature for Point A, B, C, D 
calculated by Green’s function method 

Fig.10 demonstrated that different Mises stress level 

present in the Position A, B, C, D, although their developing 

trends are similar. The Mises stress for Point A, B, C, and D 

reveal alternative, and the peak stress occur at the moment of 

0s, 8000s, 11000s, 16000s and 20000s. And high peak stress 

exist at the moment of 8000s and 20000s for four Points A, B, 

C and D. The stress result is consistent with the temperature 

difference analysis, as shown in Fig.9. Comparing the stress 

curves for Point A, B, C and D, it can be found that high peak 

stress mainly exist in the first blade groove. This indicated that 

the weakest area for the high temperature rotor exist in the first 

blade groove (Point B and C), especially for the Point B. High 

peak stress in Point B is due to small chamfer diameter, which 

promote stress concentration comparing Point C. Therefore, 

we should pay attention to the first blade groove of this rotor 

in the life design, monitor and start-up optimization. In 

addition, different type blade groove may be adopted in the 

high temperature area of rotor. This mean that the weakest 

Point may not present in the position B as Fig.9. Hence, the 

stress for the blade groove and thermal groove in transient 

operation should be calculated, compared and limited in the 

design stage of high temperature rotor. While Green’ function 

method shows great advantage for dealing with such 

problems.   
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Fig.10 Mises stress for Point A, B, C, D calculated 
by Green’s function method 

4.5 The monitor and control analysis for the high 

temperature rotor 

On line calculation of thermal stresses for steam turbine is 

currently performed, characterized by high safety 

requirements and expensive maintenance costs in order to 

directly relate the fatigue damage accumulation to the actual 

load histories. Algorithm is essential and important in the on 

line monitor and calculation. Green’s function seems to be a 

better algorithm for monitor and predict the thermal stress of 

high temperature rotor corresponding to actual operating data 

acquired from sensors. The thermal groove (Point A) and 

blade groove response (Point B and C) is typical for surface 

type sensor, while Green’s function at the center (Point D) is 

a response of middle type sensor. In actual fact, many other 

place in the high temperature rotor can be monitored and 

analysis too, only except the Green’s functions in these place 

are determined. However, there are still some problems exist 

for the Green’s function method. The following try to propose 

a compromise program to overcome the present problems for 

high temperature rotor.  

It was found that few currently available online fatigue 

monitoring systems adopting a conventional Green’s function 

algorithm can treat the nonlinear thermal-elastic problems of 

a steam turbine rotor caused by temperature dependent 

properties together with varying heat transfer coefficients. 

Hengliang Zhang [17] , Mariusz [18] and Botto [21-22]investigated 

the influence on the calculation results between the 

temperature dependent properties and varying heat transfer 

coefficients, and concluded that dominate affect factor was 

varying heat transfer coefficients. In addition, it is concluded 

the heat transfer coefficient has a proportional relationship 

with the speed and the load [23]. While the steam temperature 

histories can characterize the speed and the load of turbine 

rotor. Hence, we can divided the transient operation into many 

stage combing the steam temperature curve, and the Green’s 

function method based average heat transfer coefficient can be 

used in the individual stage. There are lots of start-up mode 

for steam turbine, including cold start, warm start, and hot start 

and so on. It may be inaccurate to calculate the rotor stress in 

cold start using warm start mode Green’s function. For on-line 

monitoring and control of thermal stresses in steam turbine 

rotors during start-up, it is necessary to perform large amount 

of off-line calculations incorporating steam temperature 
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history, and the Green’s function database for thermo-flow 

conditions typical for cold, warm and hot starts is built. When 

on-line monitor and control, different Green’s function should 

be chosen firstly, depending on the startup type.   

5. CONCLUSIONS 
The thermal stress analysis of high temperature rotor was 

performed using Green’s function method and FEM, 

respectively. The main conclusions are drawn as following: 

1）Green’s function and Duhamel’s method allows for fast 

calculation of temperature and thermal stresses at supervised 

areas at special critical location such as the thermal groove and 

the first blade groove of the turbine rotor for any changes of 

fluid temperature causing heating-up and cooling down of an 

element. The predicted temperature and thermal stresses by 

Green’s function method correspond to those by the detailed 

FEM in the transient condition when the constant heat transfer 

coefficient were used. 

2）The weakest area for the high temperature rotor mainly 

exist in the thermal groove of inlet place and in the first blade 

groove. The magnitude for peak stress in both area is depend 

on the steam temperature, physical dimension and heat 

transfer coefficient. In order to keep the rotor service for a long 

time, the alternative stress in both area should be calculated, 

compared, limited and monitored in every transient operation. 

Green’s function as an invisible sensor, can calculate and 

monitor these special locations of high temperature rotor 

conveniently in each transient operation.  

3 ） For monitoring and control of thermal stresses 

accurately, it is suggested that the transient operation is 

divided into many stage combing the steam temperature curve, 

and the Green’s function method based average heat transfer 

coefficient can be used in the individual stage. Besides, the 

Green’s function database for thermo-flow conditions typical 

for cold, warm and hot starts is proposed to build.  
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