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ABSTRACT
The paper presents an investigation of the Fourier
transformation based method for analyzing the unsteady flow
field within turbomachines due to blade row interaction.
With the Fourier transformation method, the flow field in the
circumferential direction at a given radius on a rotor-stator
interface is represented using spatial Fourier series. During a
flow solution process, the coupling method aims to match
these Fourier coefficients. It does not involve interpolation of
flow field in the circumferential direction if the grid
distribution is uniform. Furthermore it does not require
searching of matching points across an interface. Its
implementation is much easier and more straightforward than
the classical sliding plane method. This advantage is
particularly useful for distributed memory parallel
computing. In comparison, the sliding plane method requires
point to point matching across an interface to be established
at every time step and the matching of grid points and
computing threads also varies with time, which needs
extraordinary effort for a parallel computing. With the
Fourier transformation based method, there is no need to
seek the point matching as Fourier coefficients for all
passages of one row are the same. However this method
involves Fourier transformation and inverse Fourier
transformation, which can be quite time consuming. The time
cost, convergence rate, conservation and its effect on local
and overall flow field are examined in this investigation
using a transonic compressor stage test case.

INTRODUCTION
Blade row interaction is the major cause to the inherent

unsteadiness of the flow field within multi-stage
turbomachines. To resolve the unsteadiness, the unsteady
Reynolds averaged Navier-Stokes (URANS) equations can
be solved. Due to the relative rotation of rotors and stators,
different reference frames are employed for stators and rotors
with an interface separating rotor domains and stator
domains. Subsequently an interface treatment enabling
solution information exchange is needed to facilitate the
solution of the URANS equations.

The sliding plane method[1][2][3][4] is the well-
established and widely used method for treating a rotor-stator
interface for solving the URANS equations. There have been
various ways to implement the sliding plane method.

One way is to generate overlapped/patched grid[1] at an
interface with the solution at the dummy cells next to the
interface of one domain being interpolated from the solution
at interior cells next to the interface of the other domain. The
overlapped/patched grid generation is quite often
accomplished by a flow solver. It can be easy to be
implemented if the grids are of being structured
(quadrilateral in 2D and hexahedral in 3D), but it can be non-
trivial at all if the grid is unstructured. For this approach, its
implementation is the same at all grids of a geometric multi-
grid solution.

Another approach to implement the sliding plane method
is to search the matching grid points from two domains at an
interface. Then the flow field variables at those matching
grid points or cells are forced to match by using their
difference in solution between the matching points to define
incoming flow characteristic variables with the outgoing
characteristic variables being extrapolated. For this approach,
and the previous one, the bilinear interpolation is often
utilized. The bilinear interpolation quite often is not
conservative. To ensure conservative interpolation, extra
measure is needed when performing the interpolation.
To avoid loss of conservation, Zha et al proposed a
conservative sliding plane method[5]. This method requires
uniformly, structured and matching grid point distribution
along the circumferential direction. When the grid is rotating,
the rotation is performed by one cell only so that the grids are
always matched. For 3D blades, the requirement is very
difficult, if not impossible, to achieve, as the blades can be
highly twisted and grid radial distribution can be different
across an interface.

Very recently a Fourier transformation based approach
was proposed to filter high reduced frequency unsteadiness
to speed up analysis of low reduced frequency
unsteadiness[6]. This approach is quite flexible, as it can
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serve the purpose of a mixing plane method for a steady
analysis on one end and the purpose of a sliding plane
method for an unsteady analysis on the other end.
Furthermore with Fourier representation of flow field in the
circumferential direction, there is a chance to avoid searching
and interpolating operations across a rotor-stator interface as
required by a sliding plane method. This searching and
matching operations can be quite involved in a distributed
memory parallel environment where the matching grid points
vary with time together with the matching computing
threads.

The paper presents effort in investigating the feasibility
of the application of the Fourier method for dealing with a
rotor-stator interface in a time domain time match blade row
interaction analysis. This includes the accuracy and time cost
of the method in comparison with the sliding method through
case studies.

FLOW GOVERNING EQUATIONS AND SOLUTION
The three dimensional unsteady Reynolds averaged

Navier-Stokes (URANS) equations in a cylindrical
coordinate system has been employed for this investigation.
Turbulence eddy viscosity calculation is accomplished using
the one equation Spalart-Allmaras turbulence model[7].

The reference frame is always attached to the blade row
under consideration. That means a rotating reference frame is
used for a rotor domain while a stationary reference frame is
used for a stator domain. Nevertheless the flow variables
being solved are always measured in a stationary reference
frame.

Four types of boundary conditions are involved for
analyzing the flow field within a turbomachine. First is the
subsonic inlet boundary condition where radial profiles of
total pressure, total temperature and flow angles in a
stationary reference frame have to be specified. Second is the
subsonic outlet boundary condition where the area averaged
static pressure over the exit plane has to be specified. Third is
the adiabatic wall boundary condition which is specified for
all blade surfaces and end walls. The adiabatic wall boundary
condition is implemented using a slip treatment together with
the log law to reduce the grid resolution near a solid wall.
Fourth is the periodic boundary condition which is applied to
geometrically periodic boundary pairs.

The governing equation is solved on structural grids in a
framework of the cell-centered finite volume method. The
convective flux is evaluated using the JST[8] scheme with
second and forth order artificial dissipation being used to
prevent nonphysical oscillation around shock and avoid odd-
even decoupling in smooth areas. To avoid excessive
artificial dissipation, the artificial dissipation is scaled using
ratios of spectral radii of the flux Jacobi according to
reference [9]. The spatial derivatives of the flow velocity
components, static temperature and turbulence quantity,
which are needed for viscous flux calculations, are calculated
using the Gauss theorem and stored at cell centers with their
values at cell interfaces being obtained using arithmetic
average.

Time integration of the URANS equation is achieved
using the dual time stepping method. Temporal discretization
of the physical time derivative is accomplished using a
second order backward formulation. The discretized
equations are solved using an implicit Runge-Kutta
method[10] where the implicit method -LU-SGS method[11]
is used as a residual smoother allowing for a CFL number of
up to 1000s. To further accelerate the solution, a V type
multigrid method together with local time step is employed.

INTERFACE TREATMENT
Let’s imagine an unsteady flow field analysis using a

whole annulus computational domain for a stator-rotor
configuration. The whole domain is separated into two by an
interface with one being rotating relative to the other as
shown in Figure 1. For clarification, the separated domains
are moved apart to show the two sides which are coincident
in reality. For any arbitrary annulus curve 1L at the radius r
on the left plane, there is a corresponding curve 2L on the
right plane as shown in Figure 1. For an arbitrary point 1A
on 1L , there is also a corresponding point 2A on 2L . The
correspondence exists even if one of the planes is rotating
relative to the other, though the corresponding points are
changing with time. In an unsteady flow field, at a given
time, the flow parameters at those corresponding points on
the two planes are the same. Therefore an interface treatment
has to ensure the matching of the flow variables at
corresponding points of two domains separated by an
interface at any time.

Figure 1 Two whole annulus computational domains
separated by an interface

Two different interface treatments were implemented in
the solver. One is the sliding plane method, and is served as
the baseline method. The other method is based upon spatial
Fourier transformation of conservative flow variables in the
circumferential direction.

The sliding plane method
The sliding plane method involves three key parts. For a

cell-centered finite volume flow solver, the first part is to
search the matching control surfaces from the neighboring
domain for each control surface under consideration and
perform bilinear interpolation to obtain the solution from the
neighboring domain. This search and interpolation operation
is required at each physical time step. In this implementation
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the conservative variables are interpolated and are aimed for
matching. The second part is to update the flow variables at
the control surface under consideration using the interpolated
flow variables and extrapolated outgoing flow characteristic
variables. The difference between the local flow variables
and the interpolated flow variables will be used to define the
incoming flow characteristic variables.

It is worth to note that the implementation of the sliding
plane method at a coarse grid of a multigrid solution is
different from that at the finest grid. The difference lies in the
calculation of the difference between the flow variables at
the local control surface and the corresponding interpolated
values. After solution restriction from a finer grid to the next
coarser grid, the flow variables at corresponding control
surfaces separated by an interface will normally be not equal
even if they are equal at the finest grid. Hence, similar to the
residual calculation at a coarse grid of a multigrid solution,
the flow variable difference calculation at a coarse grid will
include a forcing function which ensures that the flow
variable difference at a coarse grid is driven by the difference
at the finest grid.

The Fourier transformation based method
Periodic boundary condition is employed in the

circumferential direction at geometric periodic boundaries
for the solution of the URANS equation. This means that the
flow field at a constant radius on an interface is periodic in
the circumferential direction. The spatial periodic nature of
the flow field lends itself to the Fourier representation. The
Fourier representation of the flow field involves Fourier
transformation. For a uniform distribution of the grid points
in the circumferential direction, which quite often can be
achieved without difficulty, the Fourier transformation can
be performed directly on the available data. If the grid
distribution is non-uniform, then there is a need to re-sample
the data to achieve a uniform distribution of data. To
preserve the data feature, the re-sample has to be over-
sampling. Though one dimensional re-sampling is
straightforward, it will introduce extra time cost which can
be significant. It is should be noted that there is a need to
include the angle shift due to blade rotation when performing
Fourier transformation or rotate the Fourier coefficients by
appropriate angles to account for the blade rotation.

If grid point distribution in the radial direction is the
same at the interface on its two sides, then the obtained
Fourier coefficients at the same radius can be used directly to
define the incoming flow variable characteristics with the
outgoing flow variable characteristics being extrapolated. If
the grid point distribution in the radial direction is different,
which quite often is the case, then a one dimensional
interpolation is required to obtain the Fourier coefficients at
the required radius.

The calculation of the incoming characteristics from the
difference in Fourier coefficients across an interface is
different from that for a sliding plane. The Fourier coefficient
difference has to be expanded through inverse Fourier
transformation to obtain the local incoming characteristics at
different circumferential direction.

At coarse grids, the difference in Fourier coefficient has
to be calculated differently by introducing a forcing function
which ensures the interface treatment at a coarser grid be
driven by the difference of Fourier coefficients at the finest
grid.

TEST CASE
One transonic compressor stage is used as the test case

to investigate features of the Fourier transformation based
interface method against the traditional sliding plane method.
To reduce analysis time cost, the blade count of the stator has
been changed in such a way that two blade passages for the
rotor and three blade passages for the stator can be included
in the computational domain.

For each blade passage, it is gridded using a single block
H type structured grid with 57 grid points in the
circumferential direction and 65 grid points in the spanwise
direction. There are 81 grid points on each side of the blade
in the streamwise direction. The blade to blade view at 50%
span and meridional view of the mesh are shown in Figure 2.
The physical time step is set to 1/50 of the blade passing
period of the downstream stator. The inner iteration is set to
10 according to analysis using an inner iteration of 20 as
shown in Figure 3. To aid the choice of the inner iteration, a
fractional iteration index has been used. For N inner
iterations, one inner iteration is equivalent to 1/(N+1) of one
outer iteration. According to Figure 3, with 20 inner
iterations, the residual is reduced by 4 orders of magnitude.
The first 10 iterations reduce the residual by more than 3
orders of magnitude. It is therefore concluded that the choice
of 10 inner iterations is a good compromise between solution
convergence and time cost economy.
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Figure 2 Meridional view (top) and blade to blade view
(bottom, at 50% span) of the mesh for the transonic
compressor stage.

Figure 3 Energy equation residual history including
inner loops using fractional iteration indices.

RESULTS AND DISCUSSION
First the time cost of the Fourier transformation based

interface treatment for analyzing the unsteady flow field
within the transonic compressor is compared with that of the
baseline sliding plane method as shown in Figure 4. It can be
seen clearly that the Fourier transformation based interface
treatment has considerably higher time cost against the
baseline sliding plane method. The time cost per iteration
(the slope of a line in Figure 4) by the Fourier transformation
based method is about 26% more than that of the sliding
plane method. It should be noted that both Fourier
transformation and inverse Fourier transformation are
performed in real numbers according to its definition. This
extra time cost could be reduced if fast Fourier
transformation is employed.

Figure 4 Time cost versus iteration number

The convergence rate of the energy equation is shown in
Figure 5 for the two interface methods. The two methods
have negligible difference in the convergence rate in terms of
residual reduction per inner iteration. This means that to
achieve the same level of residual reduction the same number
of iterations are required for the two methods. Together with
the observation of the time cost of the two methods as shown
in Figure 4, it can be concluded that to reach the same level

of residual reduction the time cost of the Fourier
transformation based method is more.

Figure 5 Comparison of energy equation residual
history between the Fourier transformation based
method and the sliding plane method.

Figure 6 shows the circumferentially integrated radially
accumulative total enthalpy flux distribution along the blade
span at the interface between the rotor and the stator. For
either method, the accumulative flux distribution is more or
less the same on the two sides of the interface. The
distribution is also more or less the same between the two
methods at either side of the interface. Closeup of the flux
around the normalized accumulative area of 1, which
corresponds to the total flux through the interface, shows that
there is some difference between the four different flux
values. Through the interface, the total flux is reduced for the
two methods, with 0.0176% reduction for the Fourier method
and 0.0171% for the sliding plane method. At the upstream
side of the interface, the Fourier method gives 0.0048%
higher total enthalpy flux. This difference can be considered
as being negligible and the conservation can be considered as
being very tight.

Figure 6 Distribution of accumulative flux against
normalized accumulative area from hub
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The conservation or matching of the flow field in the
circumferential direction is shown in Figure 7 and Figure 8.
It can be seen clearly that very good matching has been
achieved for both axial velocity and static pressure by the
two methods.Though the axial velocity distribution by the
two methods is identical, there is some minor differences on
the peak and trough of the static pressure distribution.
Nevertheless this difference is negligible.

Figure 7 Distribution of axial velocity along the
circumferential direction on the two sides of the
interface at 50% span.

Figure 8 Distribution of static pressure along the
circumferential direction on the two sides of the
interface at 50% span.

Shown in Figure 9 and Figure 10 are the convergence
histories of the compressor inlet/outlet mass flow rate and
polytropic efficiency. The convergence history of the
inlet/outlet mass flow rate is almost identical for the two
methods. Two methods predict lower outlet mass flow than
the inlet mass flow, with the Fourier method giving 0.1%
drop and the sliding plane method giving 0.13% drop. This
difference can be safely considered as being negligible.
There is also small difference in the outlet mass flow rate by

the two methods. The outlet mass flow rate by the Fourier
transformation based method is closer to the inlet mass flow
rate in comparison with that by the sliding plane method. The
Fourier transformation based method gives 0.006 kg/s higher
outlet mass flow, equivalent to 0.029% of the outlet mass
flow rate by the sliding plane method. Nevertheless this
amount of difference is definitely small and allowable for
daily engineering application.

Figure 9 Convergence history of inlet and outlet mass
flow rate

The convergence rate of the polytropic efficiency, same
as that of the mass flow rate, is the same for the two
methods. The efficiency reaches its convergence by about
1200 iterations. The converged efficiency figures by the two
methods are very close to each other’s: the sliding plane
method giving 84.47% and the Fourier transformation based
method giving 84.52%. The 0.05% point difference is not
measurable in an engine test.

Figure 10 Convergence history of the compresor
polytropic efficiency

CONCLUSIONS
A transonic compressor stage has been used as a test

case to investigate the time cost, convergence rate,
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conservation and the effect on local and global flow field of
the Fourier transformation based rotor-stator coupling
approach, in comparison with those of the classical sliding
plane method. It is concluded from the investigation that,
1. The Fourier transformation based method has the same
convergence rate as the sliding plane method in terms of
residual reduction per iteration.
2. The conservation or matching of the flow field across an
interface by the Fourier transformation based method in both
the radial direction and the circumferential direction is as
good as that of the sliding plane method.
3. The Fourier transformation based method and the sliding
plane method produce almost identical mass flow rate and
polytropic efficiency for the transonic compressor stage.
4. The time cost of the Fourier transformation based method
is about 26% more than that of the sliding plane method
when the Fourier transformation is not performed using fast
Fourier transformation.
In summary, in terms of accuracy and conservation, the
Fourier transformation based method is as good as the
classical sliding plane method, thus the method can be an
attractive alternative to the commonly used sliding plane
method, particularly in distributed memory parallel
environment where the Fourier transformation based method
is expected to be more straightforward and much easier to be
implemented. To reduce the overhead by the Fourier
transformation based method, there is a need to resort to the
fast Fourier transformation or truncated Fourier series. Work
has been under progress to investigate these aspects and the
application of the method in a distributed memory parallel
environment.
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