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ABSTRACT 

One of the challenging steps of development of turbo-

machinery components is the design (size, location and 

number) of the small holes required for instrumentation, 

cooling, assembly and other purposes. Since the holes are 

necessitated by functional requirement, they should be placed 

in regions of adequate fatigue life. For this purpose, a 

systematic approach is required to verify the strength of the 

structural parts against the increase in peak stresses near the 

holes.  

It is very difficult and time consuming to individually 

assess each hole using FEM as it may need many iterations 

of FE simulation to determine the optimal place for the holes. 

In the present study, a new approach has been developed 

which compares two notch factors R∆𝜎  and  K∆σ to reach 

this goal. The first notch factor, R∆𝜎, reflects the durability of 

the material against the additional stresses emanated from the 

holes. It is calculated based on the residual lifetime of the 

virgin materials, in the absence of the holes. The second 

notch factor K∆ reflects the increase in peak stress due to the 

holes. It is calculated based on the theoretical stress 

concentration of infinite thin element subjected to biaxial 

tensile or compressive stresses. Two different criteria are 

proposed and investigated to evaluate the multi-axiality of 

the stress field in the GT casings. Neuber method is used to 

account for the Localized plastic deformation at the notch 

root. It is clear that in order for the components to meet the 

target lifetime, the holes must be created where K∆ is lower 

than R∆σ. This is practicable by comparing the contour plots 

of the two notch factors obtained for a component.  

INTRODUCTION 

Experimental measurement and mathematical analyses 

shows that in the structural components, the peak stress near 

the changes in a cross section reaches much larger 

magnitudes than the average stress over the cross section. 

This increase in peak stress near the changes in section, e.g. 

holes, grooves, notches, sharp corners, cracks, is called stress 

concentration [1]. To account for the peak in stress near a 

stress concentrator, the stress concentration factor or notch 

factor is defined as the ratio of the calculated peak stress to 

the average stress that would exist in the components if the 

distribution of stress remained uniform [1]; that is, 

𝐾𝑡 =
𝜎𝑚𝑎𝑥

𝜎𝑛𝑜𝑚
 ,          (1)                         

where 𝜎𝑚𝑎𝑥  is the maximum stress near the stress raiser 

in the section under the actual loads and 𝜎𝑛𝑜𝑚 is the nominal 

stress  (average stress over the section).  

According to the theory of elasticity, the stress 

concentration factor of a circle in a thin element under 

uniaxial stress irrespective of the Poisson’s ratio and 

Young’s modulus of the body is 𝐾𝑡 = 3 [1]. Pilkey [1] and 

Young [4] have published exhaustive stress concentration 

factor for a wide variety of possible specimen configurations 

using a two-dimensional theory of elasticity solution and 

experimental measurements. It was observed, that the stress 

concentration factor of a circular holes in a thin element 

under biaxial stress field is highly dependent on the 

magnitude and sign of the stresses. 

Broek [3] shows that for relatively thin plates the crack 

either originates at the corner of the hole where it meets the 

surface of the plate, or at the middle of the plate. For 

relatively thick plates, the crack in most of the cases 
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originates from the corner.  The 3D stress and strain fields 

near a notch are very complex and there are only a few 3D 

analytical solutions developed in the literature. Sternberg et 

al. [5] obtained an approximate solution for 3D stress 

distributions near a circular hole in an infinite element of 

arbitrary thickness by taking series expansion and finite 

terms into account. It was shown that the increase in the 

stress concentration factor for an infinite plate with a 

cylindrical hole subjected to uniaxial loading is less than 3% 

stress concentration factor obtained from 2D plane-strain 

theory. Zheng et al. [6] show that the maximum stress and 

strain do not always occur on the mid plane of plate (plane 

strain) or at the free surface (plane stress). They occur on the 

mid plane only in thin plate. The difference between 

maximum and surface value of stress concentration factor is 

a monotonic ascent function of thickness. It increases with 

the thickness of the plate and the Poisson’s ratio. It was 

found that the maximum stress concentration factor in thick 

plate with Poisson’s ratio of 0.3 could be up to 4% higher 

than the stress concentration factor in thin plate obtained 

from theory of elasticity. 

Fatigue cracks in GT structures often initiate from the 

stress concentrators like access portholes. Because of that 

one of the challenging steps of development of turbo-

machinery components is the design of holes required for 

instrumentation, cooling, assembly and other purposes. The 

goal of the present study is to develop a systematic approach 

to verify the strength of the structural parts against the 

increase in peak stresses near the holes. The parameters 

which need to be taken into consideration to verify the 

strength of the structural parts against the increase in peak 

stresses near the notches include, but are not limited to, size 

of the holes, target lifetime, consumed lifetime in the absence 

of the hole, material proof strength and material cyclic 

properties. 

BENCHMARKING 

The outer casing of an Ansaldo Energia GT housing 

model shown in Figure 1 was used as a baseline for 

benchmarking and sensitivity studies. The thermo-

mechanical boundary conditions considered in this study 

were obtained from an ISO condition start-stop cycle. Three 

circle holes were implemented at 3 different locations. Also, 

3 type of holes were investigated: i) Without Bosses, ii) Boss 

Only Outside, iii) Boss Outside and Inside as shown in 

Figure 1. 

Figure 2 and Figure 3 show the results for the Hole1 and 

Hole2 without boss, respectively. The stress concentration 

factors have been calculated based on the increase in Von 

Mises stress. As seen, the notch factor can increase up to 

slightly above 3.  

 

 
Figure 1: Bench marking analysis geometry, GT 

housing  

 

 
Figure 2: hole 1 results (a) Von Mises stress 

magnitude (b) Notch Factor= σe(with 
hole)/σe(without hole) during a start-stop 

Out of the 

scope 
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Figure 3: hole 2 results (a) Von Mises stress 

magnitude (b) Notch Factor= σe(with 
hole)/σe(without hole) during a cold start operation 

 

 

For fatigue lifetime the increase in the stress range is of 

importance and is given as, 

  

𝐾∆𝑡 =
∆𝜎𝑚𝑎𝑥

∆𝜎𝑛𝑜𝑚
=

𝐾𝑡1×𝜎𝑛𝑜𝑚1−𝐾𝑡2×𝜎𝑛𝑜𝑚2

𝜎𝑛𝑜𝑚1−𝜎𝑛𝑜𝑚2
 ,           (2) 

where 𝜎𝑛𝑜𝑚1 and 𝜎𝑛𝑜𝑚2 are the two stress peak which 

arise during the GT operation in the absence of the hole and 

𝐾𝑡1
 and 𝐾𝑡1

 are the stress concentration factors at the two 

time points. Take 𝑅𝜎 = 𝜎𝑛𝑜𝑚1/𝜎𝑛𝑜𝑚2 

    

𝐾∆𝑡 =
 (𝐾𝑡1−𝐾𝑡2×𝑅𝜎)

(1−𝑅𝜎)
  ,                 (3) 

If 𝐾𝑡1
= 𝐾𝑡 2

 then 𝐾∆𝑡 = 𝐾𝑡1
. Figure 4 shows the stress 

range ∆𝜎 = 𝜎1 − 𝜎2 around the hole 1. The stress range rises 

by a factor of 2.4 due to the hole, i.e. 𝐾∆𝑡 = 2.4. The 

notched mean stress is given by, 

 𝜎𝑚𝑎𝑥̅̅ ̅̅ ̅̅  =
𝐾𝑡1×𝜎𝑛𝑜𝑚1+𝐾𝑡2×𝜎𝑛𝑜𝑚2

2
 .               (4) 

 
Figure 4: Hole1: the increase in the normalized 

stress range ∆𝝈 during an engine stat-stop 

 

 Adding cast boss on instrumentation hole results in a 

considerable reduction in stress concentration factor. Table 

below shows the reduction of the stress concentration for the 

three holes. As seen, the stress concentration reduces by, 

approximately, 28% and 22% for holes reinforced on both 

side and on only outside, respectively. Since the maximum 

stress in the benchmark model induces outside the wall, the 

boss inside is not so effective. 

 

Table 1 Stress concentration reduction owing to 
bosses   

Benchmark Hole 1 Hole 2 Hole 3 

Boss in and Out 0.29 0.25 0.30 

Boss Only out 0.22 0.18 0.25 

 

THEORETICAL CALCULATION OF STRESS 
CONCENTRATION FACTOR 

The stress distribution around a circular hole in an 

infinite thin element subjected to uniaxial in-plane tension 

stress at the edge of hole, 𝑟 = 𝑎, is given by [1], 

 
𝜎𝑟 = 0                          
𝜎𝜃 = 𝜎(1 − 2cos2θ)
𝜏𝑟𝜃 = 0                         

 .                     (5) 

At point A, 𝜃 =  𝜋/2 

𝜎𝜃 = 3𝜎                          (6) 

Since this is the maximum stress around the circle, the 

stress concentration factor for this case is 𝐾𝑡 = 3. 

If a thin infinite element subjected to biaxial in-plane 

tensile stresses 𝜎1 and 𝜎2 as shown in Figure 5, the stress 

concentration factor can be derived by superposition [1]. 
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𝜎𝑟 = 0                                                    
𝜎𝜃 = (𝜎2 + 𝜎1) − 2(𝜎2 − 𝜎1)cos2θ
𝜏𝑟𝜃 = 0                                                 

 .              (7) 

Take 𝛼 = |
𝜎2

𝜎1
| < 1  then,  

𝜎𝜃 = 𝜎1(1 + 𝛼) + 2𝜎1(1 − 𝛼) cos 2𝜃.              (8)                                 

The maximum stress around the circle at point B is obtained, 

𝜎𝜃 𝑚𝑎𝑥 = 𝜎𝜃𝐵 = 𝜎1(3 − 𝛼) .           (9) 

If 𝜎1 is taken as the reference then,  

𝐾𝑡 = 3 − 𝛼.               (10) 

The 𝐾𝑡 varies between 2 to 4. When 𝜎1 and 𝜎2 have the 

same magnitude but are of opposite sign,  𝐾𝑡 = 4. When they 

have the same magnitude and sign, 𝐾𝑡 = 2.  The stress 

concentration calculated from Eq. (10) may be employed in 

the strength verifications that one of the stress components or 

one of the principal stresses is the key factors, e.g. crack 

propagation and brittle fracture analysis. However, for the 

damage mechanisms for which Von Mises stress is the key 

factor, e.g. fatigue crack initiation and creep, the stress 

concentration factor cannot be calculated from Eq. (10). For 

such cases, the Von Mises stress needs to be taken as the 

reference. The Eq. (9) in terms of Von Mises stress can be 

written as, 

       𝜎𝜃 𝑚𝑎𝑥 = 𝜎𝑀𝑖𝑠𝑒𝑠
3−𝛼

√1+𝛼2−𝛼
 .                   (11)  

 As a result, if the Von Mises stress is take as the 

reference, the 𝐾𝑡is obtained as, 

𝐾𝑡 =
3−𝛼

√1+𝛼2−𝛼
 .                    (12) 

The 𝐾𝑡 with reference to Von Mises stress can vary 

between 2 to 3.05 depending on the 𝜎1 and 𝜎2.  

 
Figure 5: Infinite thin element with hole under bi-

axial tensile load [1] 
 

The stress ratio 𝛼 at inner and outer walls of a cylinder 

undergoing radial thermal or mechanical loads is given by, 

𝛼 = {
|

𝜎𝑧𝑧

𝜎𝜃𝜃
|    𝑖𝑓     |𝜎𝑧𝑧| < |𝜎𝜃𝜃|

|
𝜎𝜃𝜃

𝜎𝑧𝑧
|    𝑖𝑓     |𝜎𝑧𝑧| > |𝜎𝜃𝜃|

                  (13) 

where 𝜎𝑧𝑧 and 𝜎𝜃𝜃 are axial and hoop stresses, 

respectively. However, since the magnitude of the 𝜎𝑧𝑧 and 

𝜎𝜃𝜃 may change from one location to another and also from 

one time point to another, it is more convenient to calculate 

𝛼 from the following equation independent of the 

magnitudes of the 𝜎𝑧𝑧 and 𝜎𝜃𝜃: 

𝛼 =
2𝜎𝑧𝑧𝜎𝜃𝜃

(𝜎𝑧𝑧
2 +𝜎𝜃𝜃

2 )
 .                               (14) 

As aforementioned, the Eqs, (13) and (14) can be used 

only for a cylindrical geometry and also only for radial 

temperature loads. It is preferable to calculate 𝛼 in terms of 

the stress invariants in order to be independent of the shape 

and loading conditions. To describe the state of multiaxiality, 

the definition of multiaxiality h can be used: 

ℎ =
|𝑆11+𝑆22+𝑆33|

𝑆𝑀𝑖𝑠𝑒𝑠
 .                        (15) 

One can calculate 𝛼 in relation with h as given below, 

 𝛼 = ℎ − 1 =
|𝑆11+𝑆22+𝑆33|

𝑆𝑀𝑖𝑠𝑒𝑠
− 1,           (16)                           

In this equation since  is calculated as a function of the 

stress invariants, it can be used for any geometry, loading 

condition and reference system. 

For the reinforced holes, as shown in Ref. [1], the 

reduction in the stress concentrations highly depends on the 

shape of the bosses and the geometry. From the Figure 6 for 

infinite thin plates with ℎ𝑡 > 1.5ℎ , approximately 25% and 

14% reduction in the stress concentration is obtained, 

respectively, for boss on both sides and boss on one side.    

 
Figure 6: Stress concentration factor for reinforced 

holes (a) both sides (b) one side [1] 

(a)

(b)
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FATIGUE NOTCH FACTOR 

1.1 High cycle fatigue (stress-life approach)  

The effect of the notch in the high cycle fatigue is taken 

into account by modifying the unnotched S-N curve using 

fatigue notch factor, 𝐾𝑓. 

𝐾𝑓 =
𝑈𝑛𝑛𝑜𝑡𝑐ℎ𝑒𝑑 𝐹𝑎𝑡𝑖𝑔𝑢𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ

𝑁𝑜𝑡𝑐ℎ𝑒𝑑 𝐹𝑎𝑡𝑖𝑔𝑢𝑒 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ
             (17) 

The theoretical stress concentration factor 𝐾𝑡 

overestimates the actual stress concentration of cyclic 

loading, i.e. 𝐾𝑓 ≤ 𝐾𝑡. The reasons for the differentiation 

are[2],   

(i) The local plastic zone at the notch root compressed 

by the surrounding materials and as a result, micro-

crack propagation is retarded. 

(ii) The notch localizes the affected zone as compared 

to the smooth samples. On the other hand, the 

probability of having a material defect in the 

affected zone decreases with the size of the zone. 

Peterson [1] developed the following formula for the notch 

factor for R = -1 loading:  

 𝐾𝑓 = 1 +  𝑞 ×  (𝐾𝑡  −  1)                   (18) 

where q is the notch sensitivity: 

𝑞 =
1

1+
𝑎

𝑟

  ,                     (19) 

where r is the radius of the notch and 𝑎 is a empirical 

material characteristic length given by: 

𝑎 = 0.0254 (
2070

𝑆𝑢[MPa]
)

1.8

                (20) 

where 𝑆𝑢 is the ultimate strength of the materials. Figure 7 

shows the evolution of notch sensitivity versus the notch 

radius for different 𝑆𝑢. For the holes larger than 5 mm of 

radius the fatigue notch factor is almost identical to elastic 

stress concentration factor as 𝑞 ≈ 1. 

 
Figure 7: Notch sensitivity against the notch radius 

for different 𝑺𝒖 
 

 

1.2 Low cycle fatigue (strain-life approach) 

In elastic-plastic materials, the localized plastic 

deformation yielding at the notch root reduces the notch root 

stress and, consequently, the notch factor. In this case, one 

needs to define the stress and strain concentration factors as 

[2]: 

𝐾𝜎 =
𝜎𝑚𝑎𝑥 

𝜎𝑛𝑜𝑚
        and         𝐾𝜀 =

𝜀𝑚𝑎𝑥 

𝜀𝑛𝑜𝑚
            (21) 

 Please note that under elastic deformation 𝐾𝜎 = 𝐾𝜀 =
𝐾𝑡. Neuber's rule is the most widely used method for the 

notch factor calculation of the elastic-plastic materials [2].  

𝜎𝑚𝑎𝑥𝜀𝑚𝑎𝑥 = 𝜎𝑚𝑎𝑥
∗ 𝜀𝑚𝑎𝑥

∗ = 𝐾𝑡
2𝜎𝑛𝑜𝑚𝜀𝑛𝑜𝑚             (22) 

where 𝜎𝑚𝑎𝑥
∗  and 𝜀𝑚𝑎𝑥

∗  are notched elastic stress and 

strain. The Eq. (21) expresses 𝐾𝑡
2 = 𝐾𝜎𝐾𝜀. The relation 

between 𝜎𝑚𝑎𝑥  and 𝜀𝑚𝑎𝑥 is given by Ramberg-Osgood 

equation:  

𝜀 =
𝜎

𝐸
+ 0.002 (

𝜎

𝑅𝑝02
 )

𝑛

                (23) 

where 𝜀 = 𝜀𝑒 + 𝜀𝑝 is the elastic-plastic strain, 𝜎 is the 

elastic-plastic stress, 𝑅𝑝02 is the 0.2% proof stress, 𝐸 is the 

initial elastic modulus and n is the Ramberg-Osgood 

parameter. For nominal elastic behaviour: 

𝐾𝑡
2𝜎𝑛𝑜𝑚𝜀𝑛𝑜𝑚 =

(𝐾𝑡𝜎𝑛𝑜𝑚)2

𝐸
                  (24) 

Combining the Eqs. (22), (23) and (24) results in, 

𝐾𝜎
2

𝐸
+ 0.002

𝐾𝜎
𝑛+1𝜎𝑛𝑜𝑚

𝑛−1

(𝑅𝑝02)
𝑛 =

𝐾𝑡
2

𝐸
               (25) 

For cyclic loading, the monotonic stress-strain curve is 

replaced by the hysteresis curve and the strains and stresses 

are replaced by the strain and stress amplitudes. The 

theoretical stress concentration factor is replaced by fatigue 

notch factor since it provides better agreement with 

experimental fatigue life results. This results in:   

𝐾𝜎
2

𝐸
+ 0.002

𝐾𝜎
𝑛+1𝜎𝑛𝑜𝑚

𝑛−1

(𝑉𝑐𝑦𝑐𝑙𝑖𝑐𝑅𝑒)
𝑛 =

𝐾𝑓
2

𝐸
                   (26) 

where 𝑉𝑐𝑦𝑐𝑙𝑖𝑐  is the softening/hardening factor.  

 

Figure 8 shows stress concentration factor variation 

versus normalized nominal stress for 𝐾𝑓 = 3 and 

X12CrMoWVNbN10 material properties at two different 

temperatures. As seen the deviation of the 𝐾𝜎  from 𝐾𝑓 (𝐾𝑡 for 

monotonic loading) begins at very low stresses (20%𝑅𝑝02). 

The 𝐾𝜎  increases with the nominal stress. On the contrary, 

the strain concentration factor decreases with increasing 

nominal stress as shown in Figure 9. 
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Figure 8: Stress concentration factor variation 

versus normalized nominal stress for 𝑲𝒇 = 𝟑 and 

X12CrMoWVNbN10 material properties at two 
different temperatures 

 

 
Figure 9: Strain concentration factor variation 

versus normalized nominal stress for 𝑲𝒇 = 𝟑 and 

X12CrMoWVNbN10 material properties at two 
different temperatures 

 

ALLOWABLE STRESS CONCENTRATION FACTOR 

The allowable stress concentration factor is calculated 

based on the possible increase in stress to reach the target 

lifetime, 𝑁𝑡𝑎𝑟𝑔𝑒𝑡 . The ratio between target lifetime and 

fatigue lifetime in the absence of the notch,  𝑁𝑡𝑎𝑟𝑔𝑒𝑡/𝑁𝑛𝑜𝑚  is 

related to the strain ratio with the Coffin-Manson equation 

(LCF life curve) as, 

  
∆𝜀

2
= 𝜀𝑓

′ (2𝑁)𝐶 →  𝑅∆𝜀 =
∆𝜀𝑚𝑎𝑥

∆𝜀𝑛𝑜𝑚
= (

𝑁𝑡𝑎𝑟𝑔𝑒𝑡

𝑁𝑛𝑜𝑚
)

𝐶

  (27) 

where 𝑅∆𝜀 is the maximum allowable strain 

concentration factor. Please note that 𝑁𝑛𝑜𝑚 must be higher 

than 𝑁𝑡𝑎𝑟𝑔𝑒𝑡. Otherwise, the material cannot withstand the 

extra stresses imposed by the notch. The allowable stress 

concentration factor, 𝑅∆𝜎, can then be calculated using the 

Ramberg-Osgood equation: 

𝑅∆𝜀 = (
𝑁𝑡𝑎𝑟𝑔𝑒𝑡

𝑁𝑛𝑜𝑚
)

𝐶
= 𝑅∆𝜎 + (0.002𝐸

∆𝜎𝑛𝑜𝑚
𝑛−1

(𝑉𝑐𝑦𝑐𝑙𝑖𝑐𝑅𝑒)
𝑛) 𝑅∆𝜎

𝑛 .    (28) 

The factor 𝑅∆𝜎 reflects the durability of the materials 

against the additional stresses emanated from the holes. This 

equation is used to calculate the allowable stress 

concentration factor, i.e., 𝑅∆𝜎. 

IMPLEMENTATION 

The notch factor 𝐾∆ calculated with the Eq. (26) and 

Eq. (3) for cyclic loading reflects the increase in peak stress 

due to the holes in the structural parts. This notch factor is 

compared with the allowable stress concentration factor, 𝑅∆𝜎, 

calculated with Eq. (28). It is obvious that in order for the 

components to meet the target lifetime, the holes must be 

created where 𝐾∆ is lower than 𝑅∆𝜎. The following steps 

must be performed for one component in order to achieve 

this goal, 

 

1. The time increments, t1 and t2 of the stress peaks 

during one cyclic event must be determined. 

2. Stresses invariants, 𝜎𝑡1 and 𝜎𝑡2 need to be calculated 

with FE at the two time points t1 and t2  

3. Using the stresses to calculate the notch factors 𝐾𝑡1 

and 𝐾𝑡2 at t1 and t2 from Eq. (16) and Eq. (12)  

4. A factor of 𝑅𝐾𝑡
= 0.75 is considered for holes 

reinforced on  both side and 𝑅𝐾𝑡
= 0.86  for holes 

reinforced on one side  

5. 𝐾𝑓1 and 𝐾𝑓2 then can be calculated from Eq. (18) 

6. Using the 𝐾𝑓1 and 𝐾𝑓2to calculate the notch factors 

𝐾𝜎1 and 𝐾𝜎2 at t1 and t2 from Eq. (26)  

7. Using the 𝐾𝜎1 and 𝐾𝜎2 to calculate equivalent notch 

factor 𝐾∆𝜎 for a cyclic event from Eq. (3) 

8. Compare the contour plot of 𝐾∆𝜎 with the allowable 

notch factor 𝑅∆𝜎 calculated with Eq. (28). 

RESULTS 
Figure 10 shows stress concentration with respect to Von 

Mises stress for the hole1 from inside and outside the 

housing during the ISO engine cycle calculated with the 

criterion 1 (Eq. (14)), criterion 2 (Eq. (16)) and finite element 

method (Figure 2). As expected the 𝐾𝑡varies between 2 and 

3.05.  

Figure 11 shows the contour plot of theoretical stress 

concentration factor with respect to Von Mises stress 

2 < 𝐾𝑡 < 3.05 from Eq. (12) during start-up, i.e., t1 stress 

peak.  
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Figure 10: Theoretical notch factor with reference 
to Von Mises stress calculated with the criterion 1 
(Eq. (14)), criterion 2 (Eq. (16)) and finite element 

method (Figure 2) 

 
Figure 11: Theoretical stress concentration factor 

with respect to Von Mises stress 𝟐 < 𝑲𝒕 < 𝟑. 𝟎𝟓 
during start-up ,i.e., t1 stress peak from Eq. (12)  

 

Figure 12 shows stress concentration factor with respect 

to maximum principal stress (Eq. (9)) for the Hole1, inside 

and outside housing during a ISO cycle operation calculated 

with the criterion 1 (Eq. (14)), criterion 2 (Eq. (16)). As 

expected the 𝐾𝑡 varies between 2 and 4. 

 Figure 13 shows contour plot of theoretical stress 

concentration factor with respect to maximum principal 

stress 2 < 𝐾𝑡 < 4 from Eq. (9) during start-up, i.e., t1 stress 

peak. 

 
Figure 12: Theoretical notch factor with reference 
to maximum principal stress calculated with the 

criterion 1 (Eq. (14)), criterion 2 (Eq. (16)) and finite 
element method (Figure 2) 

 
Figure 13: Theoretical stress concentration factor 

with respect to maximum principal stress 𝟐 < 𝑲𝒕 <
𝟒 during startup, i.e., t1 stress peak from Eq. (9) 

 

Figure 14 shows fatigue stress concentration factor 

calculated with Eq. (26) at t1 and t2 time points using the 

theoretical stress concentration factors shown in Figure 11. 

 Figure 15 shows the contour plot of equivalent fatigue 

stress concentration factor from Eq. (3) using fatigue stress 
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concentration factors in Figure 14. As seen fatigue stress 

concentration factor varies between 1 < 𝐾𝑡 < 3.05. 

Eventually Figure 16 shows the allowable stress 

concentration factor, 𝑅∆𝜎, calculated with the Eq. (28). The 

holes must be created where the 𝑅∆𝜎 in Figure 16 is lower 

than the 𝐾∆𝜎  shown in the Figure 15 in order the component 

to satisfy the target lifetime. 

 
Figure 14: Fatigue stress concentration factor with 

respect to Von Mises stress from Eq. (26) at t1 
stress peak (startup) and t2 stress peak (shutdown) 
 

 
Figure 15: Fatigue stress concentration factor with 
respect to Von Mises stress range calculated with 
Eq. (3) using stress concentration factors in Figure 

14 at the two time points t1 and t2. 
 

 
Figure 16: Allowable fatigue stress concentration 

factor 
 

 

CONCLUSIONS 
The instrumentation holes should be placed in regions of 

enough high fatigue life. For this purpose, a systematic 

approach has been developed to verify the strength of the 

structural parts against the increase in peak stresses near the 

holes. It compares two notch factors 𝐾∆𝜎   and  𝑅∆𝜎 to reach 

this goal. The first notch factor, 𝑅∆𝜎, reflects the durability of 

𝑹∆𝛔 



9 

the material against the additional stresses emanated from the 

holes. It is calculated based on the residual lifetime of the 

virgin materials i.e. in the absence of the holes. The second 

notch factor 𝐾∆𝜎 reflects the increase in peak stress due to the 

holes. It is calculated based on the theoretical stress 

concentration of infinite thin element subjected to biaxial 

tensile or compressive stresses. Two different criteria have 

been developed and investigated to evaluate the multiaxiality 

of the stress field. It was shown that: 

 

• The theoretical stress concentration factor which 

considers Von Mises stress as the reference stress varies 

between 2 to 3.05 depending on the stress field. It is 

applicable to fatigue crack initiation and creep analyses.  

• Theoretical stress concentration factor with reference to 

principal stresses varies between 2 to 4 depending on the 

operational stress field. It is applicable to crack 

propagation and brittle fracture analyses. 

• The size of the holes has a negligible impact on 

theoretical stress concentration. However, fatigue stress 

concentration reduces with the size of the hole in 

particular when the hole is smaller than 5 mm of radius.  

• The fatigue stress concentration factor at low lifetime 

region can reduce to 1 due to, the localized plastic 

deformation yielding at the notch root  

• Adding cast boss on holes results in approximately 25 % 

and 14 % reduction in the stress concentration, 

respectively, for boss on both side and one side of the 

hole. 

• A minimum distance of three times the size of the holes 

should be considered between the holes or between a hole 

and other stress raisers e.g. flanges, corners, extraction 

holes and etc. to avoid the increase of stress 

concentrations 
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