
 Proceedings of the 1st Global Power and Propulsion Forum 
  GPPF 2017 

Jan 16-18, 2017, Zurich, Switzerland 
www.pps.global 

This work is licensed under a Creative Commons Attribution 4.0 International License  

GPPF-2017-142 

THE ROLE OF CURVATURE IN TURBOMACHINERY DESIGN 
 
 

Mark G. Turner 
University of Cincinnati 

mark.turner@uc.edu 
Cincinnati, Ohio, USA 

 
 
 
 

ABSTRACT 
Streamline	 curvature	 has	 been	 used	 in	 axisymmetric	

and	 blade-to-blade	 solvers	 ever	 since	 1949.	 	 The	 physical	
meaning,	numerical	approximations,	and	uses	of	streamline	
curvature	 are	 presented	 here,	 particularly	 related	 to	
turbomachinery	design.			

The	 second	 derivative	 of	 a	 curve,	 which	 is	 directly	
related	 to	 the	 curvature,	 is	 then	 described	 as	 the	 basis	 of	
the	 meanline	 creation	 for	 a	 geometry	 generator.	 	 Several	
examples	are	presented	which	demonstrate	the	distribution	
of	curvature	 in	 relation	 to	blade	 loading.	 	This	 technique	 is	
further	 extended	 for	 3D	 optimization	 as	 elaborated	 with	
subsequent	examples. 

INTRODUCTION 
This paper discusses the overall role the use of curvature 

has played in turbomachinery design.  This is through its use 
in axisymmetric solvers, blade-to-blade solvers, and some 
recent work by the author on a 3D geometry generator that 
uses curvature concepts as the basis.  This is not a treatise on 
the subject, which would require many more references and 
details.  However, it does try to explain the overall role of 
curvature in design as well as understanding of flowfields 
that is not apparent in recent published work. 

Streamline curvature has played a significant role in 
axisymmetric and blade-to-blade solvers since it was first 
used implicitly by Wu and Wolfenstein in 1949 [1].  Wu 
expanded on this in 1951 [2].  The Streamline Curvature 
(SLC) method then used curvature explicitly and has been 
used extensively in through-flow analysis to support 
turbomachinery design since [3-10].  Certain stream function 
formulations can have some of the qualities of the SLC 
methods [11, 12] and MISES, which uses an intrinsic 
streamline grid, also bears similarity to the SLC methods [13, 
14].  An axisymmetric version of MISES is also available for 
turbomachinery design [15]. 

In addition to 2D analysis and simulation, the second 
derivative, which is directly related to curvature, can be used 

to generate geometry.  Korakianitis et al. [16] used curvature 
as a basis for geometry generation of the suction and pressure 
side of a blade separately.  More recently, work has been 
done by the author and others on a geometry generator T-
Bade3.  T-Blade3 [17-20] is a parametric 3D turbomachinery 
geometry generator which uses the second derivative to 
define blade section meanlines along with a specified 
thickness distribution.  These sections can be stacked 
smoothly in 3D along with several other critical geometry 
parameters to allow for novel shapes and integration with an 
optimization system [19-21].  The use of the second 
derivatives allows for a reduced number of high-level 
parameters to define geometry, which in turn reduces the 
number of design variables needed for optimization while 
allowing for a very large design space.  These parameters are 
also related to the loading on the blade similar to angular 
momentum changes, another very important parameter for 
turbomachinery design. 
	

HISTORICAL USES OF CURVATURE IN DESIGN 
Fig. 1 is taken from Wu’s [1] 1949 paper used to 

describe the streamline curvature variation as the 
axisymmetric streamlines go through rotors and stators in an 
axial compressor (also applicable to turbines).  This figure 
also shows the calculation stations between blade rows used 
to analyse flow properties upstream and downstream of each 
blade row.  The radial equilibrium equation (a specific 
formulation of the radial momentum equation) is described 
that relates streamline curvature with the radial pressure 
gradient. The curvature is not explicit in the formulation of 
Wu, but is part of the finite difference term of the radial 
coordinates of a streamline which is derived from the 
derivatives of the radial velocity. The equations of motion 
are treated as uncoupled in an iterative fashion. Further, 
using the continuity equation and radial equilibrium 
equations, the streamline location and flow quantities are 
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updated from hub to casing.  Hand calculations were carried 
out for certain simplified cases. 

 
Figure	1.		Stations	between	blade	rows	and	streamline	
displacement	(from	Wu	in	1949	[1]).	

Smith [2] and Novak [3] published distinct papers in 
1966 on axisymmetric streamline curvature methods that 
used computers to solve the equations.  Fig. 2 shows the 
coordinate system used by Novak [3] with the axial and 
radial (z,r) coordinates.  Denton [5] used another approach 
for representing the coordinate system (Fig 3).  The 
meridional angle φ is defined as  

 
∅ = tan&' 𝑉) 𝑉*  (1) 

 
As Novak [3] describes, the radius of curvature has a 

sign, and its convention is arbitrary.  He defined positive 
such that the streamline is concave down and negative as 
concave up (Fig. 2).   
 

𝐶 = 1/𝑟/ = 1/𝑟0 	= −𝜕∅ ⁄ 𝜕𝑚  (2) 
 

where m is the meridional direction, tangent to a 
streamline, as shown in Figs. 2 and 3.  This form of a 
curvature definition that relates to an angle change allows for 
the sign to be used and becomes directly related then to a 
streamline angle.  A simple form of curvature for a curve in 
2D is  

𝐶 = 𝑦77

1 + 𝑦79 :
9
  (3) 

which shows how the curvature is related to the second 
derivative.  This second derivative is used for geometry 
generation presented in a later part of this paper.   

For a simple 2D flow, the pressure gradient normal to a 
streamline (the n direction) is represented as 

 
𝜕𝑝 ⁄ 𝜕𝑛 = 𝐶𝑉9  (4) 

 
For axisymmetric flows, Denton [5] shows a combined 

equation in the q-direction (other grid coordinate often 

aligned with a blade) which uses slightly different 
nomenclature here:  
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This equation relates the total enthalpy H, the specific 
entropy s, a blade force in the q direction 𝐹E, the curvature C 
and the meridional and tangential velocities, 𝑉/ and 𝑉C. 
Except for the last term which is 0 if q is normal to the 
streamline, all derivatives are in the q direction (∝ is the 
angle between the m and q direction).  It clearly shows the 
importance of curvature to the other flow quantities.   
Curvature is a better variable than radius of curvature since 
cylindrical endwalls would yield a zero curvature, but an 
infinite radius of curvature.  Since a streamline is used, H 
and s can be readily tracked (with appropriate rotor work 
input and loss models) along streamlines without numerical 
dissipation. 

 
Figure	 2.	 	 	 Coordinate	 system	 showing	 meridional	 angle	 φ	 and	
definition	of	sign	convention	for	radius	of	curvature	(modified	from	
Novak	[4)].	

Additional tools were also created using the streamline 
curvature approach.  Kieth et al. [10] describes a method 
using grid adaptation with a streamline method for inlets, as 
shown in Fig. 4.  The method of iteration of moving the 
streamlines is shown in Fig. 5.  This approach uses a type of 
cubic spline to define the streamlines.  Details of curvature 
near a leading edge play a very large role in the resulting 
pressure distribution.  It is interesting that splines were 
physical devices as shown in Fig. 6 where a flexible piece of 
wood was constrained by lofting ducks for the layout of 
boats, airplanes, compressors and turbines.  These were still 
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in limited use at GE, back in 1979 when the author started 
working there.  The physical spline curvature can be readily 
related to simple beam theory with similar mathematical 
description.  This connection relating curvature back to 
physical quantities keeps recurring. 

Figure	3.		Coordinate	system	showing	meridional	angle	φ	(modified	
from	Denton	[5)].	

 
Figure	4.		Axisymmetric	inlet	showing	streamlines	and	normals	with	

refinement	[10].	

 
Figure	5.	Movement	of	streamlines	[10].	

Fig. 7 shows the use of the axisymmetric solver using 
the streamline curvature (SLC) method for the GE design of 
the high pressure compressor and low pressure turbine as 
part of the NASA sponsored Energy Efficient Engine (EEE) 
program [23, 24].  It is interesting to note that redesigns of 
the compressor, designed in the late 1970s are still being 
used for new GE engines.  In addition to axisymmetric 
analysis, streamline curvature methods were also used for 2D 
blade-to-blade flow solutions [25] as shown in Fig. 8.  They 
allowed for extremely accurate solutions with no dissipation 
and a very coarse grid.  Axisymmetric SLC methods with 
detailed loss and turning models continue to be used as the 
primary design approach for compressors.  This is because 

the dominant flow physics are represented by the streamline 
curvature, radial pressure forces, and blade turning in an 
appropriate fidelity.  In addition, they are used to data-match 
component test data since empiricism can be readily applied. 

 
Figure	 6.	 Lofting	 Ducks	 used	 with	 wooden	 spline	 for	 boat	 layout	
[21].	

 
Figure	7.		Flowpath	of	GE/EEE	components	using	the	axisymmetric	
streamline	curvature	code,	CAFD	[22,23].	

 
Figure	 8.	 	 Cascade	 analysis	 streamline	 grid	 and	 loading	 for	 a	
booster	stator	hub	section	[25].	
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CURVATURE USED TO DEFINE GEOMETRY  
As shown in Eq. (3) the curvature and second derivative 

of a function are directly related.  The use of the second 
derivative allows for direct integration.  Based on this, a 
method of airfoil construction has been developed that uses 
the second derivative of the meanline.  Fig. 9 shows the 
cubic B-splines used to define the second derivative of an 
airfoil meanline as shown by Nemnem [17].  The blades are 
defined in a u-v plane with u along the normalized chord. 
Using only a few control points a smooth curve can be 
created which can be integrated analytically.  It is desired to 
specify both the leading edge and trailing edge angle for 
blade design. In addition v(1)=0.  Therefore, the magnitude 
of the second derivative (scaling) is also a variable.  In other 
words, the curvature shape is prescribed, but not the 
magnitude since the overall camber is known. The slope of 
the meanline is shown in Fig. 10; integrating that gives the 
meanline relative to the chord of the blade rotated by the 
stagger angle.  After a smooth thickness is added to each side 
of the meanline, a blade shape is defined as shown in Fig. 11 
along with its loading (from Mises [13, 14]) in Fig.12. Mises 
is an accurate quasi-3D solver that uses a streamline oriented 
grid with a coupled integral boundary layer. 

 

 
Figure	9.		Second	derivative	of	the	camber	line	as	a	B-spline	[17]	

	

Figure	10.		Slope	of	the	camber	line	[17].	The	slope	of	the	meanline	
is	the	first	derivative.		The	leading	and	trailing	edge	slope	is	based	
on	the	prescribed	leading	and	trailing	edge	angles	and	the	
calculated	stagger	angle.	

 
Figure	11.		Camber	line	from	second	derivative	in	Fig.	9	[17].	

 
Figure	12.		Blade	and	loading	from	the	second	derivative	defined	in	
Fig	9	[17].	

A study was recently conducted on a swirler-deswirler 
vane with an inlet angle of -45 deg and exit angle of -38.6 
deg i.e., only 6.4 deg of camber or turning.  A typical second 
derivative distribution for a compressor is shown in Fig. 13 
as the baseline case.  The corresponding blade is shown in 
blue in Fig. 14, and the loading is shown in Fig. 15.  Because 
of the low amount of turning, the loading is small.  Several 
cases were then explored with the second derivative 
changing sign.   This creates an s-shaped blade.  For the 3 
cases, the second derivative at the front part of the blade was 
kept the same while the back varied.  Several conclusions are 
apparent from this study:  an unconventional blade can be 
readily designed with only few control points to define a 
complex shape, since higher-order information is used.  The 
blade shape and loading are shown in Fig. 16 for case 2 using 
MISES.  The loading (difference in pressure) as a function of 
chord is related to the second derivative specification.  This 
demonstrates that the use of the second derivative is not only 
useful for geometry construction, but also has physical 
significance to the function of an airfoil.  
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Figure	 13.	 	 Second	 derivative	 for	 a	 baseline	 blade	 and	 3	 other	
blades	(shown	in	Fig.	14).	

 
Figure	 14.	 	 Blades	 produced	 using	 the	 second	 derivative	
distributions	shown	in	Fig.	13.	

 
Figure	15.		Loading	calculated	with	Mises	for	baseline	blade.	

 
Figure	 16.	 	 Loading	 from	 Mises	 for	 case	 2.	 	 There	 is	 a	 reverse-
loading,	and	the	loading	is	related	to	the	second	derivative	shown	
in	Fig.	13.	

The geometry generator was applied to the optimization 
of a subsonic rotor [20].  Fig. 17 shows the baseline meanline 
and second derivative for which the optimization started.  
The figure uses the term curvature, but in fact the plots show 
the second derivative.  In addition, the second derivative and 
meanline curves for the hub, pitch and tip sections are 
shown. In Fig. 17, the B-spline and second derivative are 
different because of the scaling and because for the mid-span 
optimized plot the section second derivative uses spanwise 
interpolated control points.  With only a few control points, a 
novel blade shape is produced as shown in Fig. 18.  It has a 
pronounced feature of a dimple on upper half of blade due to 
the s-shape produced by two sign changes of the second 
derivative. The unique blade shape has the effect of reducing 
the tip loading and thereby the strength of the tip vortex.  In 
addition to the second derivative, the leading and trailing 
edge angles were perturbed spanwise as shown in Fig. 19.  
The spanwise variation is itself defined using a cubic B-
spline where only 3 control points are used.  To allow for a 
smooth curve spanwise, the second derivative control points 
are specified as cubic B-splines spanwise as shown in Fig. 
20.  This allows any number of sections to be defined 
spanwise with smooth variation.  The number of sections is 
also not dependent on the number of spanwise control points.   

To demonstrate the general capability, a transonic rotor 
was optimized and a vortex dynamics method was used to 
analyse the results of the optimization [21].  An s-shape at 
the tip was the result of that optimization process too. The 
vorticity contours and skin friction vectors on the suction 
side are shown in Fig. 21 for the baseline and optimized case.  
From the plot, the shock strength and weak flow behind it is 
shown to be reduced.   

The method is also applicable to radial machines, and 
has been applied to a novel multistage centrifugal design 
[25]. 
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Figure	17.	 	Baseline	and	Optimal	 second	derivative,	and	meanline	
for	subsonic	rotor	[20].	

 
Figure	18.		Optimized	subsonic	rotor	showing	inflection	[20].	

 
Figure	19.	 	Spanwise	variation	of	angle	 to	create	 the	blade	 in	Fig.	
18	[20].	

 
Figure	 20.	 	 Normalized	 second	 derivative	 control	 point	 values	
distribution	spanwise	are	cubic	B-Splines	[20].	

	

Figure	 21.	 	 Baseline	 (left)	 and	 optimum	 (right)	 transonic	 rotor	
showing	radial	vorticity	contours	and	skin	friction	vectors	[21].	

CONCLUSIONS & FUTURE WORK 
The historical role of curvature in turbomachinery 

design has been presented along with some physical insight 
to its importance.  In addition, the use of curvature 
(specifically the second derivative) as the basis of geometry 
definition has also been established.  The relationship of the 
meanline curvature to the blade loading has been described 
showing its physical importance in design and analysis of 
airfoil characteristics.  Geometry created with this approach 
has been demonstrated for two applications where it has been 
integrated with optimization systems effectively.   

Future work efforts will be to further explore the 
effectiveness of the blade geometry generation in additional 
optimization applications.  Also the approach will get applied 
for creating or modifying axisymmetric flowpaths.   

NOMENCLATURE 
C Curvature 
H Total Enthalpy 
q direction of a grid line 
m meridional coordinate in direction of streamline 
r radial coordinate 
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𝑟/ radius of Curvature 
𝑟0 radius of Curvature (alternate definition) 
s entropy 
u coordinate in chord direction of blade 
v coordinate normal to u 
V velocity 
z axial coordinate 
∝  angle between the m and q direction 
φ meridional angle 
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